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Abstract. We prove in this paper resolvent estimates for the boundary values 
of resolvents of selfadjoint operators on a Krein space: if H is a selfadjoint 
operator on a Krein space H, equipped with the Krein scalar product ( | ), A 
is the generator of a Co— group on H and / C I is an interval such that: 

1) H admits a Borel functional calculus on /, 

2) the spectral projection 11/ (H) is positive in the Krein sense, 

3) the following positive commutator estimate holds: 

Re(u\[H,iA]u) > c(u\u), u € Ranll/(_ff), c> 0. 

then assuming some smoothness of H with respect to the group e ltA , the 
following resolvent estimates hold: 

sup \\{A)- S (H - z)- 1 {A)- s \\ <oo, s> -. 
zel±i]0,v) 2 

As an application we consider abstract Klein-Gordon equations 

dt<t>{t) - %k<t>{t) + H(t) = 0, 

and obtain resolvent estimates for their generators in charge spaces of Cauchy 
data. 



1. Introduction 

30 years ago, E. Mourre showed that a local in energy positive commutator estimate 
for a selfadjoint operator H entails a limiting absorption principle for this operator 
and thus the absence of singular continuous spectrum, see |Mlj . This result had a 
very deep impact in scattering theory leading in particular to asymptotic complete- 
ness results for quantum N— particle systems. Among many other applications we 
mention applications to Quantum Field Theory or sccattering problems in General 
Relativity. A lot of efforts had been made to weaken the original hypotheses in 
the work of Mourre, see e.g. jABGj . A central requirement remained however that 
the hamiltonian if is a selfadjoint operator on a Hilbert space. Whereas this is 
a very natural requirement for the Schrodinger equation, it turns out that it is in 
general not fulfilled for the Klein- Gordon equation when this equation is coupled 
to an electric field or associated to a lorentzian metric which is not stationary. The 
natural setting in this situation seems to be the one of a selfadjoint operator on a 
so called Krein space (which is a generalization of a Hilbert space). The present 
paper is devoted to the proof of weighted estimates for boundary values on the real 
line of selfadjoint operators on Krein spaces. Our result generalizes the result of 
Mourre to the Krein space setting. Applications to the Klein-Gordon equation are 
given. Let us now briefly describe the results and methods of this work. 
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1.1. Selfadjoint operators on Krein spaces. A Krein space is a hilbertizable 
Banach space % equipped with a non-degenerate hermitian form (u\v), u,v £ H 
called a Krein scalar product. Orthogonals to vector subspaces and adjoint of linear 
operators on T~L are denned with respect to (-|-). 

In contrast to Hilbert spaces, the hermitian form is not assumed to be positive 
definite. Note however that the notion of positivity of a subspacc JC C H resp. of 
an operator A on % still makes sense, by requiring that (u\u) > for all u £ K, 
resp. (u\Au) > for all u € DomA 

Of special interest are selfadjoint operators on Krein spaces. Typically a selfadjoint 
operator if on a Krein space arises as the generator of a Co— group {e ltH }teM. 
preserving the quadratic quantity (u\u). 

In general, not much of interest can be said about the spectrum, functional calculus 
or the behavior of the resolvent of selfadjoint operators on a Krein space. Namely 
the spectrum is invariant under complex conjugation, the functional calculus is 
limited to the Dunford- Taylor functional calculus, and the behavior of the resolvent, 
both near the real axis of near infinity, can be arbitrary. 

However, there is a class of selfadjoint operators, called definitizable, first defined 
and studied by Langer [Laj . which admit a rich (i.e. Borel outside a finite subset of 
K) functional calculus. A selfadjoint operator H on H is definitizable if its resolvent 
set p(H) is not empty and if there exists a (real) polynomial p such that p(H) > 0. 
Real zeroes of p in the spectrum of H arc called critical points. 

1.2. Positive comutator method. If H is definitizable and / C R is a bounded 
interval with dl disjoint from the critical points of H, then the spectral projection 
11/ (H) is well defined and bounded on H. Moreover if / does not contain any critical 
point, then llj(-ff) is definite in the Krein sense, i.e. 11/ (i^ ) > or —ij(H) > 0. 

This local definiteness of the Krein scalar product opens the way for an extension 
to the Krein space framework of the well-known positive commutator method, which 
is a standard way to prove weighted resolvent estimates for usual selfadjoint oper- 
ators on a Hilbert space. In the Hilbert space framework, the positive commutator 
method introduced by Mourre [Ml] relies on an estimate 

(1.1) MH)[HM]MH) > ch(H), c > 0, 

where H is the selfadjoint operator under study, / C R is an interval, and A is an- 
other selfadjoint operator, called a conjugate operator. From (|l.ip . assuming some 
regularity of H with respect to the unitary group e itA , one obtains the resolvent 
estimates: 

(1.2) sup uAyiH-zy^Ayw <«>, s > \, 

2G/±i]0. + oo[ 1 

see [Ml] , |PSSj . jABGj . The original proofs relied on differential inequalities. Some 
years ago Golenia and Jecko jGoJej gave a new proof of the limiting absorption 
principle in an abstract framework, by a contradiction argument. A direct proof, 
based on energy estimates was given in jGej . The argument in jGej is closer to a 
method of Putnam |P2| . which was an ancestor of the positive commutator method. 
It turns out that the proof of |Ge| can be adapted to the Krein space framework. 

Several difficulties must be faced before an estimate like (|1.2j) can be obtained for a 
selfadjoint operator on a Krein space. First of all H should have a Borel functional 
calculus in order to be able to define spectral projections. Second the conjugate 
operator A is in general not unitary for a compatible Hilbert space structure on T-L. 
In particular the definition of (^4)~ s = {A 2 + l)~ s / 2 is not obvious. 
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However on a Krein space, an estimate like (|l.ip has still a meaning, if it is under- 
stood formally as 

(1.3) Re(u\[HAA]u) > c(u\u), u e Ran]l/(i7), c> 0. 

The main result of this paper, Thm. 17.91 states that if H is a selfadjoint operator 
on a Krein space, which is of class C a with respect to A for some a > 3/2, and 
I C R is an interval such that: 

1) H admits a Borcl functional calculus near /, I/ (if) > 0, 

2) the Mourre estimate holds, 

then the resolvent estimates (|1.2JI hold, possibly replacing A by eA for < e <C 1 
and restricting z to 7±i]0, v\ for some ^ > 0, due to the possible presence of complex 
eigenvalues. We also prove a virial theorem, which has the same consequences as in 
the Hilbert space case. 

1.3. Abstract Klein-Gordon equations. In a subsequent paper |GGHlj . we 
apply the abstract results of this paper to the generators of abstract Klein-Gordon 
equations 

d 2 <p{t) - 2\k(j){t) + h<t>{t) = 0, 

where (j> : R — > H, H is a Hilbert space and h, k are self-adjoint, resp. symmetric 
operators on %. The simplest example is the Klein- Gordon equation on Minkowski 
space minimally coupled with an external electric field: 

(1.4) (d t - w{x)f^{t, x) - A x <t>(t, x) + m 2 </>(*, x) = 0, 

for which T~L = L 2 (M. d , dx), h = —A x + m 2 — v 2 (x), k = v(x) is a (real) electric 
potential and m > is the mass of the Klein-Gordon field. 

In contrast to Schrodinger equations, there is no preferred topology on the space 
of Cauchy data ( --iq^^ V ^ turns out that two spaces of Cauchy data are 

natural, the energy space £ = (h)~^T-LS)H and the charge space K.\u = {h)~ 1 / i H(B 
(h) 1 / 4 ^ (see Subsect. 18.11 for the notation). In |GGHlj resolvent estimates are 
proved on the energy space, and then extended to the charge space by duality and 
interpolation. 

In this paper we give another application of Thm. I7.9l bv directly proving resolvent 
estimates on the charge space. We also discuss in details various realizations of the 
Klein-Gordon generator starting from the dual space £* = T~L ® {h)^% : and the 
functional calculus of 'free' Klein-Gordon generators, corresponding to k = 0. 

1.4. Plan of the paper. We now briefly describe the plan of this paper. In Sect. 
[2] we describe some basic results on the smooth and Borel functional calculus for 
linear operators on Banach spaces. The Dunford- Taylor functional calculus for a 
linear operator H can be extended to smooth functions on an interval / C R if the 
resolvent (H — z)^ 1 is of polynomial growth near the real axis. If this functional 
calculus is continuous for the sup norm, then it uniquely extends to bounded Borcl 
functions on /. 

In Sect. [3] we recall basic results on K— spaces, which are natural generalizations of 
Krein spaces. Sect. 0]is devoted to the construction of a Borcl functional calculus 
for definitizablc selfadjoint operators on Krein spaces. Although various versions 
of this construction can be found in the literature (see in particular |La| . |Jlj . 
or more recently |Wr| ) . we believe our presentation might have some interest. In 
particular we precise the optimal class of admissible functions, namely bounded 
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Borel functions on R having a precised asymptotic expansion at each critical point 
of H. 

In Sect. [5]wc collect some rather standard facts on the smoothness of an operator 
with respect to a Co— group. In the usual Hilbert space framework, the Co— groups 
of practical interest for the Mourre method are unitary, with selfadjoint generators. 
In this case a very comprehensive study can be found in [A~ BG"] . In our applica- 
tions to Krein spaces, no natural Hilbert space structure is present and part of the 
formalism has to be generalized. 

These results are used in Sect. [5] to prove commutator expansions. Roughly speak- 
ing if H is an operator and A the generator of a Co— group on a Banach space 
Ti, we need to expand the commutator [HAf(A)\ for some class of functions / as 
f'(A)[H, iA] + R with a careful estimate of the error term R. Again in the Hilbert 
space case, such commutator expansions are a basic tool of spectral and scattering 
theory, see among many other references |Go Jej . 

In Sect. [7]we prove the main result of this paper, Thm. 17.91 by adapting the Hilbert 
space proof in [Ge] to the Krein space framework. In the last section of this paper. 
Sect. [51 we discuss abstract Klein-Gordon operators. 

2. Boundary values of resolvents and functional calculus 

In this section we present some results on the smooth and Borel functional calculus 
for linear operators on Banach spaces, under some general assumptions on the 
growth of their resolvents near the real axis. 

2.1. Notations. If Ti is a Banach space we denote Ti* its adjoint space, i.e. the set 
of continuous anti-linear functionals on Ti equipped with the natural Banach space 
structure. The canonical anti-duality between T-L and Ti* is denoted (u,w) = w(u), 
where u £ Ti and w £ Ti* . So (•, •) : fix H* — > C is anti-linear in the first argument 
and linear in the second one. On the other hand, we denote by (-|-) hcrmitian forms 
on Ti, again anti-linear in the first argument and linear in the second one. 

We say that Ti is Hilbertizable if there is a scalar product on Ti such that the norm 
associated to it defines the topology of H; such a scalar product and the norm 
associated to it will be called admissible. Scalar products are denoted by (-|-). 

If Ti is a reflexive Banach space then the canonical identification Ti** = Ti is 
obtained by setting u(w) = w(u) for u £ Ti and w £ Ti*. In other terms, the 
relation Ti.** = Ti is determined by the rule (w,u) = (u,w). 

Let G, Ti be reflexive Banach spaces and £ = Q®Ti. The usual realization (Q®Ti)* = 
Q* © Ti* of the adjoint space will not be convenient later, we shall rather identify 
£* — Ti* ®Q* in the obvious way. For example, if % = so the adjoint 

space of £ = Q © Q* is identified with itself £* = £. 

If S is a closed densely defined operator on a Banach space H, we denote by p(S), 
cr(S) its resolvent set and spectrum. 

We use the notation (a) = (1 + a 2 ) i if a is real number or an operator for which 
this expression has a meaning. 

2.2. Polynomial growth condition. Let H be a closed densely defined operator 
on a Banach space T-L. We first give a meaning to the boundary values R(X ± iO) of 
the resolvent of H as i?("H)-valucd distributions on a certain real open set defined 
by a growth condition on ||i?(A ± as fi i 0. We recall that if B is a Banach 
space then a B- valued distribution on a real open set / is a continuous linear map 
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T : Cg°{I) -> 6. We often use the formal notation T( X ) = jT{X) X (X)dX for 
X € Cq° (I) . The topology on this space of distributions is defined as in the scalar 
case. 

Lemma 2.1. Assume that I C R is open with I ± i]0, v] C p(i^) for some v > 
and £/ia£ t/iere exists n G N and C > swc/i that 

(2.1) ||i?(z)|| < Cllmzl 1 "™, ze/±i]0,4 

TTien £/ie boundary values R(X ± iO) := lim M j_o ^?(A ± i/i) exist as B(%)-valued dis- 
tributions of order n on I. More explicitly, if x € Cq(I) and we set 

n 

X {n) (A + iM) = E X W (A)M fe A'!, A, / t G R, 

fc=0 

/ K i?(A + iO)x(A)dA 
= J R (i?(A + i^)x(n) (A + w) + /„" + iM)^X (n) (A))dA. 

Proof. We use a well-known elementary argument, valid for any holomorphic func- 
tion, cf [Hj Thm. 3.1.11] and the comment after its proof: make a Taylor expansion 
up to order n of the function /i i— > R(X + i/i) on the interval [e, v\ with < e < v 
and note that j^R(X + i/j) = i^i?(A + i/i) by holomorphy. The remainder is the 
derivative of order n of a bounded function hence we may let e — > and get 




as S('H)-valued distributions on /. This relation is equivalent to (|2.2j) . □ 

In the next definition wc define the maximal open real set on which the distributions 
R(- ± iO) make sense. 

Definition 2.2. Let /3(H) be the set of X G R such that there is a real open 
neighborhood I of X and there are numbers !/>0,n£M,C>0 such that 

\\R(z)\\ < Cllmzl 1 "", 2g/±i]0,4 

The boundary values i?(A ± iO) = lim^o -R(A ± i/i) of the resolvent of H are well 
defined B{'H) -valued distributions on (3(H). 

Remark 2.3. If 3t~ is a Banach space such that B(H) is continuously embedded 
in 3C~ then i?(- ± iO) may be viewed as ^"-valued distributions on (3(H). It may 
happen that on some open set / C /3(H) these ^-valued distributions are defined 
by locally bounded ^"-valued functions: this is the case if the limiting absorption 
principle holds on / relatively to 2£ ', i.e. if ||i?(z)||jr < C for z G I ± i]0, v] for 
some v > 0. 

The usual strategy (adopted here) is to construct Banach spaces K. with JC C H 
continuously and densely, which allows one to take 2£ = B(K,,IC*), such that 
R(X ± iO), when viewed as a B(JC, /C*)-valucd distributions, is well defined and a 
continuous function of A. 

2.3. Smooth functional calculus. Wc now describe an elementary functional 
calculus which makes sense under very general conditions. In the self-adjoint case 
these techniques were introduced in HcS]]. A detailed presentation may be found 
in |Dal| and an extension to non self-adjoint operators in |Da2j . 
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Under the conditions of Lemma 12.11 then for any \ € Cg (I) we define a bounded 
operator on % by 

(2.4) X (H) = ^7 J (R(X + iO) - R(X - iO)) X (A)dA. 

The right hand side above can be made quite explicit by using (|2.3|) and a similar 
relation for R(X — iO). 

Note that the map x l— ^ x{H) IS arL algebra morphism. Indeed, linearity is obvious 
and in order to prove that it is multiplicative it suffices to show that R(z)x{H) = 
(r z x)(H) for Imz ^ 0, where r z (X) = (A — z) _1 . For this it suffices to note that 
R(z)R(X ± iO) = (R(z) - R{\ ± iO))r 2 (A). 

The Helffer-Sjostrand version of the formula for x{H) may be obtained with the 
help of an almost analytic extension of x as in [HeSj (or see [Pali p. 24]). For 
example, choose (9 e C C °°(R) with 6»(A) = 1 if |A| < v/2 and 9{\) = if |A| > v. If 
for z = A + i/i we define x(z) = 9(^/(X))x( n ) ( z ) an d we set d = (d\ + ic? M ) /2 then 
dx(z) = 0(\fx\ n ) and 

(2.5) X (H) = -^-f c R{z)dx{z)dz A dz. 

2.4. Borel functional calculus. The functional calculus (|2.4p introduced under 
the conditions of Lemma 12.11 is a priori well defined only for x € Co (-0 t> u * often 
it extends to larger classes of functions by continuity. 

We shall say that H admits a C° -functional calculus on I if I C /3(H) and 
|jx(-ff)ll < Csup Ae/ |x(A)| for some finite number C and all x G Co°(I). Then 
clearly the smooth functional calculus has a unique continuous extension to an al- 
gebra morphism Co(I) — > B(H). If T-L is reflexive one can extend the functional 
calculus to Borel functions, as shown in Thm. 12.41 below. 

Let B(I) be the set of bounded Borel functions on /. A sequence of functions 
(fin on / is boundedly convergent if sup„ A |</? n (A)| < oo and lim„(^„(A) = ^(A) 
exists VA e /. Note that ip e B(I) if cp n e V n. The following result is a 

straightforward application of the Ricsz theorem, see |Wr[ Cor. 9.1.10] for example. 

Theorem 2.4. Assume that % is a reflexive Banach space and let F$ : Cq(I) — > 
B{'H) be a norm continuous algebra morphism. Then Fq extends uniquely to an 
algebra morphism F : B(I) —> B(TL) such that: tp n — > ip boundedly =>■ F(ip n ) —> 
F(ip) weakly. 

Remark 2.5. If H is a self- adjoint operator on a Krcin space (see Dcf. 13.11) and if 
H admits a C°-functional calculus on / then it is clear that x(-ff)* = x{H) for all 
bounded Borel functions x 011 I- 

3. K— SPACES 

In this section, we discuss K— spaces, a generalization of Krein spaces, cf. [B|. 
3.1. Definition of A" spaces. 

Definition 3.1. A A— space is a Banach space % equipped with a continuous 
hermitian form (-|-) such that for any continuous linear form ip on T-L there is a 
unique u 6 H such that ip = (u\-). The form (-|-) is called the Krein structure. // 
Ji is Hilbertizable then TL is called a Krein space. 
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Let J : % — > %* be the linear continuous map defined by Ju = (■\u), so that 
(u\v) = (u,Jv). Since (-|-) is hermitian, we have (it, Jv) = (v,Ju). The topological 
non-degeneracy condition imposed on (-|-) above means that J is bijective. Thus 
the Krein structure (-|-) allows us to identify H* and % with the help of J. 

Proposition 3.2. A K— space is reflexive. 

Proof. Let I : % — > W* the canonical injection. Since J : % — > H* is an isomor- 
phism, so are J* : H** -> H* and ( J*) -1 o J : H -> H**. We note then that 
(J*)- 1 oJ = I. □ 

Remark 3.3. One may also say that a if— space structure on a reflexive Banach 
space H is a hermitian isomorphism J : % — > %* . A Hilbert structure is a positive 
Krein structure, i.e. a positive isomorphism J :% — > %* ■ 

Remark 3.4. Assume that (-|-) is a hermitian form on a complex vector space 
% which is algebraically non-degenerate, i.e. u = if (u\v) = for all v G H. 
Then there is at most one normed space topology on H such that the conditions of 
Definition \3.1\ be satisfied. Indeed, any such norm on % is complete because %* is 
always a Banach space. And if the adjoint spaces associated to two complete norms 
on TL are equal then the corresponding classes of bounded sets are identical by the 
uniform boundedness principle, hence the norms are equivalent. See [B] p. 60-67] 
for better results of this nature. 

3.2. Adjoints on ^-spaces. If T G B(H) then the adjoint T* G B(H*) of T in 
the Banach space sense is defined on H* as usual and then we may transport it on 
% with the help of J. In other terms, the Krein structure (-|-) allows us to define an 
involution T ^ T* on B(U) such that (T*u\v) = (u\Tv). This definition extends 
as usual to closed densely defined operators. 

Clearly B(H) becomes a ^-algebra with a continuous involution. The self-adjoint 
operators arc defined as usual by the relation S* = 5, where S may be unbounded. 
We say that S is positive and we write S > if (u\Su) > for all u £ DomS*. If S 
is bounded and S > then T*ST > for all T G B{U), but the identity operator 
is not positive unless H is a Hilbert space. So T*T > holds only in exceptional 
cases. To each positive bounded operator S we associate a semi- norm on %, namely 
IM|s = \J (u\Su), which satisfies < HwHslklls- 

We say that a linear subspace K is a Hilbert sub space of % if \X.,{-\-)\icxk) IS a 
Hilbert space. Equivalently, this means that JC is a closed subspace of % such that 
(u\u) > c\\u\\ 2 for some number c > and all u G JC. We equip such a subspace 
with the natural Hilbert norm ||u||jc = \J (u\u) which is equivalent to || • \\\/c. 

3.3. Projections on A'-spaces. A projection on % is an element n G B(H) such 
that n 2 = n. A self-adjoint projection is also called an orthogonal projection. A 
positive projection is a projection n such that n > 0. In particular, n will be 
orthogonal. For the proof of the following fact, see [B] . 

Proposition 3.5. The range of a positive projection is a Hilbert subspace ofH. 
Reciprocally, if JC is a Hilbert subspace of H. then there is a unique self-adjoint 
projection II such that IYH = JC and this projection is positive. 

If n is a positive projection then |jit||n = IMIrrH for a U u G HH. If S G B{T~L) we 
denote ||S||n the norm of the operator n,STI on the Hilbert space HH. If S = S* 
then ||5|| n = sup{|(u|^w)| | u G ILH, (u\u) = 1}. It follows that if S £ B(H) and 
S = S* then 

(3.i) ± (nui^nw) < ||5|| n (nu|nu), uen. 
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3.4. Phase spaces. A typical construction of if— spaces starts with a reflexive 
Banach space Q thought as configuration space of a system. Then the phase space 
of Q is H = Q ® Q* and its K— space structure is 



(3.2) (u\v) = vi(uq) + ui(v ) = (u ,vi) + (ui,v ), « = («?), v = (Z°)e'H. 

Recall that according to the convention adopted in Subsect. 12.11 we identify H* = 
G © G* = H- Thus J is the identity operator and Q3.2p satisfies the required 
topological non-degeneracy condition. 

Note that we think of elements of % as column matrices hence we may represent 
operators on % as matrices 

a b 
c d 



S 



where a : G — > G , b : G* —> G , c : G G* , d : G* — >• G* ■ A computation gives 
(3.3) S* -- 



d* b* 
c* a* 

hence 
(3.4) 

S = S*^S=( a c ^ with ae B(G), b = b* :Q* ->Q, c = c* : G ^ G* ■ 

Lemma 3.6. An operator S : "H — > % is positive if and only if it is as in (|3.4[) with 
b > 0, c > 0, and 

(3.5) |(aMol u i)| 2 < (u\\bui) (uo\cuo) for all uq & G,ui £ G* ■ 

If G is a Hilbert space and G* — G then this means a, 6, c € B{G) with fe, c > and 

|| c -l/2 a6 -l/2|| < L 

Proof. The symmetric operator S as given in (|3.4j) is positive if and only (u\Su) > 
for all u G H with 

(u\Su) = 2Rc(awo|wi) + (ui\bui) + (uq\cuq). 

Taking successively uq = and m — we see that b > and c > are necessary 
conditions. Then by changing u\ in —uju\ with u> = (awo|Mi)|(aMo|ui)| _1 if the 
denominator is not zero and lj = 1 otherwise, we see that positivity of S is equivalent 
to 2|(auo|ui)| < (ui\bui) + (uo\cuq) for all uq £ G and m G G* ■ Replace Uo,Ui 
by e 1 / 2 uo and £~ x l 2 u\ with e > 0. If one of the terms in the right hand side is 
zero then we get (auo\ui) — by making e — > or e — > oo. If not then e = 
(moIcuo) 1 / 2 ^!^^!)- 1 / 2 gives HSU). □ 

Remark 3.7. If G is a Hilbert space identified with its adjoint space G* with the 
help of the Riesz isomorphism then on the phase space H = G ffi G we have the 
direct sum Hilbert structure (u\v)h = (wol^o) + (uil^i) and the Krein structure 
(u\v)k defined by (|3.2p . Clearly = (u|Ju)h with J = Observe that 

now we have two natural ways of identifying % with its adjoint space, namely by 
using (-\-)h (i.e. the Riesz isomorphism) or (-|-)a'- In our framework it is more 
convenient to use the second one which could be called Krein isomorphism. This 
is coherent with the convention (X © Y)* = Y* © X* adopted in Subsect. 12.11 
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4. Definitizable operators on Krein spaces 

The definitizable operators on a Krein space are remarkable because they admit 
a functional calculus almost as rich as that of self-adjoint operators on a Hilbert 
space. In fact the functions ip for which ip(H) may be given a natural meaning can 
be arbitrary bounded Borel functions outside a finite set of "critical points" . In this 
section we shall consider only continuous functions because, thanks to Thm. 12.41 
this is sufficient to our needs. The main point in the approach we present below is 
the estimate in Prop. 14.101 due to P. Jonas [J 1 1 Thm. 1]. Another presentation of 
the Langer- Jonas functional calculus may be found in [Wrl Ch. 9]. 

4.1. Definitizable operators. In this section we fix a Krein space H = (W, (-|-)). 

Definition 4.1. A self-adjoint operator H on % is definitizable if p(H) =/= and 
there is a real polynomial p ^ such that p{H) > 0, i.e. (u\p(H)u) > for all 
u £ DomiJ™ where n is the degree of p. Such ap is called a definitizing polynomial 
for H. 

Remark 4.2. The assumption p(H) ^ is important, natural self-adjoint opera- 
tors on a Krein space have empty resolvent set, see [Bj p. 148]. For example, let 
V. be the phase space of a Hilbert space Q (cf. Remark l3~7f and let & be a positive 
injectivc operator on Q. If b or c := b^ 1 is unbounded, then ( ° (j ) is strictly positive, 
i.e. (u\Hu) > for all u ^ in the domain of H, and p{H) = 0. 

The next result gives informations on the non-real spectrum of a definitizable op- 
erator. The proof is easy, see [Til Lemma 1]. 

Proposition 4.3. Let H be definitizable. Then: 

(1) // z G a(H)\R then p(z) = for each definitizing polynomial p. 

(2) There is a definitizing polynomial p such that o~{H) \R is exactly the set of 
non-real zeroes of p. 

(3) Moreover, this p may be chosen such that if A K is a zero of multiplicity k 
of p then A is an eigenvalue of H of Riesz index k. 

(4) The non-real spectrum of H consists of a finite number of eigenvalues of finite 
Riesz index distributed symmetrically with respect to the real axis. 

The following consequence is easily proved with the help of the Riesz projection 
associated to the finite set a(H) \ M. A Krein subspace ofH is a closed subspacc 
which is a Krein space when equipped with the hcrmitian form induced by (-|-). 

Corollary 4.4. There are Krein subspaces "Hi,?^ ofH such that % = Hi © I-L2, 
where the sum is direct and orthogonal with respect to the Krein structure of H, 
such that H = Hi H2 with Hi a bounded self-adjoint operator in Hi with finite 
spectrum and Hi a definitizable operator in Hi with ^(Hi) C R. 

The above decomposition is canonical in a sense easy to make precise. Thus for 
any "reasonable" function ip we should have ip(H) = ip(Hi) © ip^Hi). Since the 
definition of ^(-^2) is rather obvious, when we discuss the functional calculus of a 
definitizable operator it suffices to consider the case when it has only real spectrum. 

4.2. Rational functional calculus. Before going on we make a general remark 
concerning the rational functional calculus associated to an arbitrary closed oper- 
ator H with non-empty resolvent set on a Banach space %. This makes things 
completely elementary and avoids the use of the (analytic) Dunford calculus. In 
the sequel we denote by C, K the one-point compactifications of C, R. 
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Denote TZh the set of rational functions whose poles belong to p(H) and which are 
bounded near infinity. This space is an unital algebra. If p{H) = p(H), as in the 
case of a self-adjoint operator on a Krein space, then TZh becomes a *-algebra if 
we define the adjoint Tp of tp by ^(A) = tp(X). 

Lemma 4.5. There is a unique unital algebra morphism TZh 3 <P > ^(H) G B{Ti) 
with (f(H) = (H — if <p(X) = (A — z)^ 1 for some z G p(H). If H is a Krein 
space and H is self-adjoint then ip i— > tp{H) is a *-morphism. 

Proof. Let fi C C x N be the set of couples lj = (z,s) with z G p{H) and s G N* or 
lj = (co, 0) = oo. For lu G ^ we set: 

/3a, (A) := (A - z)- s if w G p(#) x N*, /0 W (A) := 1 if w = (co, 0). 

Then {pu}ueQ is a vector space basis in TZh- Hence there is a unique linear map 
ip i-> ^(i?) from 7?.^ into B(H) which sends p^ into = (H — z)~ s if cj ^ co 

and 1 into the identity operator. From the first resolvent identity it follows that 
this map is an algebra morphism. In the Krein space case note that ip(H)* = Tp{H) 
for any tp follows from the fact that the adjoint of (H — z)" 1 is (H — ~z)~ x ■ 

4.3. C a functional calculus. The set TZ of bounded rational functions tp : K —> C 
is a unital ^-algebra for the usual algebraic operations. By Lemma 14.51 if H is 
a definitizable operator with only real spectrum then there is a unique unital *- 
morphism ip i-> (p(H) of 7?. into G B(H) such that ip(H) = (H — z)^ 1 if (p(X) = 
(A — z)^ 1 with z e C\l. We now extend this calculus to a class of continuous 
functions ip : R — > C which have a certain degree of regularity at a finite set of real 
points and/or at infinity. 

Definition 4.6. Let uj = (£, s) G R x N and p : R -> C. 

(1) 1/ £ G R, then tp is of class C' s at £ i/ i/iere is a polynomial P such that 
tp{x) = P{x-£ > )+o{\x-^). 

(2) tp is of class C s at infinity if there is a polynomial P such that tp(x) = P(l/x) + 
o(\x\-°). 

Denote C W (R) = {tp G C(R) | </? is o/ doss C s a£ £}, /or cj = (£, s) 

Under the conditions of the definition, the terms of degree < s of P are uniquely 
determined hence if £ G R there is a unique polynomial T+tp of degree < s such 
that tp(x) = T+tp(x) + o(\x — £| s ) and if £ = co there is a unique rational function 
of the form T+<p(x) — J2 k<s a-kX~ k such that tp{x) = T+tp(x) + o{\x\~ s ). Some new 
notations will allow us to write this in a more convenient form. 

Equip Rx N with the following order relation: p < v means p — (£, s) and v = (77, t) 
with £ = 77 and s < t. If lj — (£, s) G R x N let Xu, be the rational function defined 
by Xu(x) = {x - s if £ G R and x w (a) = a:~ s if £ = 00. Set p u = xj 1 
Now it is clear that there is a unique sequence of complex numbers {5 Jtl (y)} Jtl < u , 
such that T+tp = £ M < W 6n(tp)x»- Set = ^ Al<w ^Mx,* and 

(4.1) Rutp = p u (tp - T u tp) hence p = + x^R^tp. 

Since C w C C^ 1 if /i < w the quantity HyH^, = S M < W SU P I^m^I i s a weu defined real 
number if tp G C". 

An element w G RxH may be thought as a function R — >• N with support containing 
at most one point. More generally, consider functions with finite support a : R — > N, 
which we also call order functions. We write u> -< a if lo = (£, s) G R x N and 
s < a(£). Then w -< a means w ^ a and s < y 
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Lemma 4.7. If a is an order function then C Q (R) = r\ u ^ a C u (R) is an involutive 
Banach algebra with unit for the usual algebraic operations and the norm \\ip\\ a = 
sixpu^a IMU- ^ e space 1Z is a dense *~sub-algebra of C u . 

The proof is elementary and will not be given. Next we show that the functional 
calculus for definitizable operators extends to an algebra of the form C Q (R). We 
start by associating an order function a to each definitizable operator. 

Definition 4.8. Let H be a definitizable operator on Ti with o~(H) C R. 

(1) To each definitizing polynomial p for H we associate an order function f3 as 
follows: i/( gl then /?(£) is the multiplicity of £ as zero of p and /?(oo) = 
if p is of even degree and /3(oo) = 1 if p is of odd degree. 

(2) The order function an of H is the infimum over all definitizing polynomials 
for H of the above functions /3. 

Theorem 4.9. Let H be a self-adjoint definitizable operator on the Krein space 
Ti with o~{H) C M.Then there is a unique linear continuous map ip > ip(H) from 
C aH (R) into B(H) such that if 93(A) = (A - z)" 1 for z e C\R then <p(H) = 
(H — z) . This map is a morphism of unital ^-algebras. 

The theorem follows from the next proposition and Lemma 14.71 

Proposition 4.10. There is a constant C such that \\ip(H)\\ < C\\ip\\ a V ip € TZ. 

The rest of this section is devoted to the proof of this proposition. We begin with 
three simple observations concerning the ^-algebra TZ. 

Lemma 4.11. If ip e TZ then <p > as function on R if and only if there is ip £ 1Z 
such that ip = ij)ip. 

Proof. We have ip = P/Q where P, Q are polynomials, Q has no real zeroes, and 
the degree of P is less or equal to that of Q. Since (p = PQ/QQ, we may assume 
Q > 0. Then the degree of Q is 2n and one may write Q ~ Q Qo where Qo is 
a polynomial of degree n whose zeroes are exactly the zeroes of Q in the upper 
half-plane. If ip > then P is a positive polynomial hence its degree is 2m with 
m < n and one may similarly factorize P = PqPq (the real zeroes of P being of 
even multiplicity). Then we take ip = Pq/Qq. □ 

As a consequence, if is a positive linear form on TZ then \8(ip)\ < 9(1) sup \ip\. The 
following version of this assertion is more convenient for our purposes. 

Lemma 4.12. Let TL be a complex vector space equipped with a positive sesquilinear 
form (•,•) and the associated semi-norm \u\ = (itju) 1 / 2 . Let M : TZ — > Li^H) be a 
unital algebra morphism such that (u, M(ip)v) = (M(Tp)u,v). Then \M(ip)u\ < 
sup \ip\\u\ for all tp € TZ and u G H. 

Proof. It suffices to show that \M(ip)u\ 2 = (u, M(\ip\ 2 )u) < (u,u) if sup|(^| = 1. 
We have 1 — \ ip\ 2 > as function on R and 1 — \ip\ 2 £ TZ hence by Lemma f4 . 1 1 1 there 
is if) e TZ such that 1 - \ip\ 2 = tpi/j. Since M(l) = 1 we obtain (u, (1 - M(\ip\ 2 )u) = 
(u, M(ipip)u) = \M(ip)u\ 2 > which proves the assertion. □ 

The third observation is an analogue of the division algorithm in the algebra TZ. To 
each i/igKwe associate an order function by defining a^(^) as the multiplicity 
of £ as zero oiip. In other terms, a^(C) = k means that the limit limA-y^ 2p(X)p UJ (X) 
exists in C and is not zero for ui = (£, k). The proof of the next lemma is quite 
elementary and we skip the details. 
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Lemma 4.13. Let ip g TZ with only real zeros and set a = a^p. Then there are 
numbers a u €C and functions b u G TZ such that for each tp g TZ we have: 

(4.2) <p = i>^2a u R u <p+^26 u (tp)b u . 

Proof of Prop. \4-10[ By a simple argument its suffices to show that ||<p(ff)|| < 
C|M|a where a is the order function of a dcfinitizing polynomial p with only real 
zeros. Let n be the degree of p, define m = f 2 -^"] , let A g C \ R, and let ip(x) = 
p(x)(x - \)- ,n (x-X)-' m . Then g TZ and (u\u) := (u\ip(H)u) > for all u g Ti. 
Set |u| = (ulw) 1 / 2 . Since the rational functional calculus is an algebra morphism 
we get from (|4.2[) : 

(4.3) <p(H) = 4(H) a^{R^){H) + £ 5 u ((p)b u (H), ipeTZ. 

Since the b^H) are bounded operators, there is a constant C such that for any 
u, v g H: 

(4.4) \(u\<p(H)v}\< ^ulJ^a^R^iH^+cY, |<W)| IMIIMI, tp E TZ, 

where we used the positive scalar product (f\g) := (f\ip(H)g) introduced above. It 
is easy to prove that X^^a 1^(^)1 — IMU- O n the other hand, by Cauchy-Schwarz 
inequality and Lemma 14.121 we get: 

(u\ ^ a u (R u tp)(H)vj < sup | ^ a uRu,^ MM < C||(/j|| Q |MIMII- 

Thus \(u\ip{H)v)\ < CH^IIollullllull, which finishes the proof of Prop. QUI □ 

From Thm. I4.9l we can deduce an optimal estimate of the resolvent of a defmitizablc 
operator. We first introduce some terminology. 

Definition 4.14. We set a c (H) := a(H)\R. We set c(H) := {uj g R : a H (0 + 
0}. The set c(H) is called the set of critical points of H. 



Let H be a definitizable operator. Recall that an is defined in Def. 14.81 

Proposition 4.15. With the preceding notations, there exists c > such that 
(4.5) 

C \\(H - z)- 1 ]] < \z-t\~ aH(Q +\ha*\- i (i+ J2 i2-£r air(0 +M aH(co) 

for all z^(7 c UR. Note that a#(oo) is either or 1. 

Proof. It is clearly sufficient to assume that the spectrum of H is real. If z ^ ' 
and tp(x) = (z- x)~ x then ip g TZ and thus ||(z - i?) _1 || < C|M| Qff by Thm. 
To simplify notations we set (Xh{£) — and T^ t k) — Tj?. Since ip(oo) = we have 

IMUh < sup|(p| + sup V] sup|^(a;) -T^(s)| |a;-£|~ fc + Off(oo) sup \xip(x)\. 

feay fc<fc ^ iet igi 

We have sup M| = |Imz| _1 and sup |a;</j(a;)| = |z||Imz| _1 hence it remains to esti- 
mate ((fi(x) — T^ip(x))(x — £,)~ k - We shall prove the following extension of the first 
order resolvent identity: 

(4.6) p(z)-T e Vz) = (s-OV(£M*) Xx,Z?z. 

This implies the next estimate, which proves the proposition: 

sup\cp(x) - T^{x)\\x - £\~ k =sup\z-£\~ k \z-x\- 1 = Iz-^r^Imzr 1 . 
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Observe that (|4.6[) is trivial if k = because T®(p = and is just the first order 
resolvent identity if k = 1. Now assume (|4.6p holds for k. Since </3 ( -' c " ) = fc!<y9 fc+1 we 
have 

T*+V(*) - Tjv(z) + ^V (fc) (0(* ~ 0* = + - 0*. 

which when used in (|4.6|) gives the same identity with k replaced by k + 1. 

Remark 4.16. The interpretation of the points £ £ K with a#(£) > as "critical 
points" of H is misleading from the point of view of the functional calculus. For 
example, the operator of q of multiplication by x in the Krein space L 2 (R, sign a; dx) 
is positive and a q has value 1 at and oo but the functional calculus extends 
continuously from the algebra C aq to C(R) defined by the order function a = 0. 

5. Co-groups and regular operators 

In this section we collect some standard facts on smoothness of operators with 
respect to Co— groups. 

5.1. C a (A) classes of bounded operators. Let W = {Wt} be a Co-group on 
a Banach space % with generator A defined such that Wt = e ltA . Then there are 
numbers M > 1 and 7 > such that 

(5.1) \\W t \\ < Me 7|t| for allielR. 

The spectrum of the operator A is included in the strip {z £ C | |Imz| < 7} and 
it could be equal to this strip. 

One may naturally associate to A three operators acting on the Banach space B(H), 
namely left multiplication by A, denoted At, right multiplication by A, denoted 
A r , and commutation by A, denoted A and defined by A(T) = [T,A], so that 
Since A is unbounded, it is convenient to define these operators as 
generators of one parameter groups of bounded operators on B{H). More precisely, 
if t G M and T g B(H) we have: 

(5.2) e itAe (T) = e itA T, e itA <"(T) = Te itA , e itA {T) = e~ itA Te itA = T(t). 

These operators commute in the sense that the elements of the groups they generate 
are pairwise commuting, and A = A r — At i.e. e ltA = e~ itAe e ltAr . 

These are Co-groups if we equip B{T-L) with the strong operator topology. If we 
assume (|5.1[) then 

(5.3) ||e iMf || < Me 7 '*', |je itA '|| < Afe 7|t| , |j c^-^ 1 1 < M 2 e 27|t| for all t e R. 

Let < a < 1. We say that S e B{H) is of class C a {A), and we write S € C a {A), 
if the map M3t4 S(t) = c itA S G B(U) is of class C a (i.e. is Holder continuous 
of order a) for the strong operator topology of B(H). By the uniform boundedness 
principle, this is equivalent to \\S(t) — S\\ < C\t\ a for \t\ < 1 and from this estimate 
we easily get that 

(5.4) \\S(t) -S(s)\\ < Ce 2 ^\t-s\ a , for |t - s| < 1. 

We say that S € B(H) is of class C 1 ^) if i 1 — >> S{t) is of class C 1 for the strong 
operator topology. If % is reflexive then SeC 1 (A) if and only if t >-> S (t) is locally 
Lipschitz (this property holds in the strong topology if and only if it holds in the 
norm topology). Then we may define 

(5.5) S> := |S(% =0 
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so that S(b) - S(a) = S'(t)dt in the strong sense. Note that S G C 1 ^) if and 
only if SDomA C DomA and the operator [S, iA] with domain Dorm4 extends to a 
bounded operator on % which is exactly S' . For this reason we often abuse notation 
and denote S' = iAS = [S, iA}. 

If 1 < a < 2, we say that S is of class C a (A) if S G C X (A) and S' G C"" 1 ^). 
The class C a (A) is similarly defined for a > 2. Note however that for integer a it 
would be more natural to define this class in terms of Zygmund type conditions. 
The next lemma follows easily from the fact that e 1 *" 4 are automorphisms of 13(H). 

Lemma 5.1. The following properties hold for any number a > 0: 

(1) the classes C a (A) are sub-algebras of B(H), 

(2) A is a derivation of B(H), i.e. (S 1 S 2 )' = S[S 2 + Si^ if Si, S 2 G C 1 (A), 

(3) if S G B{%) is boundedly invertible and S G C a (A) then S" 1 G C a (A). 
Moreover if S G C\A) then (S^ 1 )' = -S^S'S' 1 . 

5.2. C a (j4) classes of unbounded operators. In this subsection we fix < 
a < 2 and S a closed, densely defined operator on T-L with p(S') ^ 0. We set 
= {S-z)- 1 for z€p(S). 

We say that 5" is regular if there is a sequence (z„) G p(S) with lim |z„| = +oo and 

\\(S — z n )~ || < C|z„| _1 for some constant C > 0. 

Note that this is not an innocent condition, some natural realizations of the free 
Klein-Gordon operator considered later do not have this property: if S = Hq as in 
Remark I8T01 we may have a(S) = R and IKS' - ^) ^ 1 1 1 > 1 for all z <£ R. 

Definition 5.2. We say that S G C a (A) for < a < 2 if R(z ) G C a (A) for some 
z e p(S). 

Lemma 5.3. (1) if R(z ) £ C a {A) for some z G p(S) then R(z) G C a (A) for 
all z G p[S), 

(2) If S G C^A) tten 

[A, R(z)\ = [S- z )R(z)[A, R{z )]R(z){S - z ), z , z G p{S). 

(3) // S G C x (j4) i/ien i/ie space D := R(z)DomA is independent on z G p{S), 
included in Dorm4 n DomS anrf zs a core for S . 

(4) J/ moreover S is regular, then D is dense in DomA n Boms'. 

Proof. (1) follows from (3) of Lemma 1 5. II and the first resolvent formula. Then (2) 
follows from (2) of Lemma 15.11 and again the first resolvent formula. Let us prove 
(3). Since Dorm4 is dense in H, the set D z := i?(z)Dom^4 is a core for S. By 
Subsect. 15.11 we know that D z C DomA Using the first resolvent formula, we see 
that D Zl C D Z2 for all z±, z 2 G p(S), hence D z is independent on z. 

If S is regular, then J n := —z n R(z n ) tends strongly to the identity in % and in 
DomS. Let u G Doim4n DomS. Then u n := J n u G D and u n — > u in DomS. From 
(2) we obtain that: 

[A,J n ] = (S - z )R{z n )[A,R(z )]J n (S - z ). 

Since S is regular, we see that (S — zo)R(z n ) — > strongly on %. So [A, J n ] — > 
strongly on T-L hence u n — > u in DomA and D is dense in Dorm4 n DomS. 

We now assume that the Banach space T~L is reflexive. Then 

|H| = sap w ^n',\\w\\=i\{ w > u )\ ifwGH, 

(5.6) 

ll-^ll =sup u6 ^ )tte ^, iW | =M=1 K™ ! Su)| if S G S(-H). 
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From (ED) we obtain that for S G B(H) we have S G C a (A) <S> S* G C a (A*). This 
extends to S closed and densely defined. Moreover, if S is closed densely defined 
and regular, then so is S*. 

We consider the sesquilinear form: 

[A,S]{w,u) := (A*w,Su) - (S*w,Au), u G DomS n DomA, w G DomS* n DomA* . 

We equip DomS and DomS* with their graph norms. 

Proposition 5.4. Let S be regular. Then the following are equivalent: 

(1) S is of class C l (A), 

(2) the following three conditions are satisfied: 

(i) \[A,S](w,u)\ < C|H| D omS*IMlDomS, u G DomS n Domi, w G DomS* n 
DomA*, 

(ii) {u G DomA : R{z)u G DomA} is a core for A for some z G p(S), 

(iii) {w G DomA* : R(z)*w G DomA*} is a core for A* for some z G p(S). 

For the proof, see jGGMl Props. 2.19, 2.21]. 

Assume that S G C 1 (A) is regular. Then by Lemma 1531 DomA D DomS 1 is dense in 
DomS and DomA* n DomS* in DomS*. As in the proof of jGGMl Prop. 2.19] we 
see that [A, S] uniquely extends to a bounded sesquilinear form [A, S]° on DomS* x 
DomS and [A,R(z)] = -R(z)[A, S]°R(z). Here, the left R(z) acts on H* as R(z)* . 

Remark 5.5. On a Krein space (see Sect. I3.1[) . if S = S* and if the Krein structure 
is of class C7 1 (A), (see Subsect. I5.5[) . then (iii) follows from (ii), because we can 
consider S* , A* as operators on H and A — A* is bounded. 

We now give some regularity properties with respect to A of a function of S. 
Lemma 5.6. If S G C a {A) then X (S) G C a {A) for any X G Cg°(/3(S)). 

Proof. We prove more, namely that J R(X ± iO)x(A)dA arc of class C a . From the 
definition of f3(S) (see Dcf. I2.2p and using a partition of unity, we may assume that 
the assumptions of Lemma 12.11 are fulfilled. We begin with the case < a < 1. We 
claim first that 

(5.7) \\c itA R(z) - R(z)\\ < C\lmz\- 2n \t\ a , < |f| < 1, z€l±i]0,v}. 

This implies the lemma if < a < 1 using (|2.2[) with n replaced by 2n. 

We now prove ([57f|l . If T G B(H) with T" 1 G B(H) then from e itA T^ 1 = 
( e iM T )-l we get 

(5.8) Ue^T- 1 - T- 1 !! < CHr-^pllc^T - T\\, \t\ < 1. 
The same argument gives for Ti,T2 G B(H): 

(5.9) lle 1 ^^) -T^ll < CUTillllc^Ta -T 2 || + C||T a ||||e iM Ti -^H, |t| < 1. 
For zo G p(S) and zgli i]0, ;/] we have: 

R(z) = R{z ){l + {z- z )R(z ))-\ 

Applying (|5.8p . (|5.9p and the hypothesis that i?(z ) G C a (A), we obtain 

||c iM i?(z) - R(z)\\ < C\\R{z)\\ 2 \t\ a , 0<\t\< 1, 

which proves (|5.7[) . Note that in the case a = 1 the formula (|2.2j) gives an explicit 
expression for the commutator [J R(X + iO)x(A)dA, A] involving expressions of the 
form R(z)[S, A]°R(z). In the case 1 < a < 2 we repeat the same arguments applied 
to the first derivative, using again (|2.2p . □ 
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5.3. Some Fourier transforms. For simplicity of future notation, we normal- 
ize the Fourier transform of tempered distributions in such a way that /(t) = 
J c iTt f(t)dt. Wc set 

(5.10) f s (r) := f(sr), f G S'(R), s G M. 

Then f s (t) = s^fis-H). If 5 := r-gp, then f s = e~ tS f for s = e~*. We will set 

(5.11) /( r ):=5/(r)=r/ / (r) ) / € S'(M). 

We denote by S CT (R) for a G R the space of functions / € C°°(R) such that 
|/ (n) WI < C„(r) ff - n , neN. 

Lemma 5.7. TTie classes S a have the following properties: 

(1) 2/7 € S a (R) i/ien / G C°°(M\{0}) and 

\f(t)\ < C„(t)- n in \t\ > 1, V n G N. 

(2) 2// G 5 CT (M) /or ct < tftera / G L^R), 

(3) Iff G S* CT (M) /or -1< o- < £/ierc 

\t k f {k) (t)\<C k \t\—\ VfceN. 

These facts are well known. The typical example of a symbol in ^"^(K) is the 
function (■) _<T whose Fourier transform is the Bessel potential Go-. For all i / 0, 
G a (t) is given by the following absolutely convergent integral (see e.g. [Sj Sect. 
V.3]): 

(5-12) G.{t) = 9a * [ +0 °^/r-r,^-i)/2dr_ 

2 CT V 7rr ( cr / 2 ) Jo r 

The following lemma is easy. 

Lemma 5.8. TTie distributions G a have the following properties: 

(1) G^(t) = C a tG a - 2 {t), t 56 0, o- G K, 

(2) [t fe <^i fc) (t)| < Ck,^- 1 , t^O, aeR, fceN, 

(3) \GP(t)\<C k , a \t\ k e-W 2 , |*| > 1, o- e M, fceN, 

(4) c c ^S k G a G 2> 1 (R), cr > 0, c < i fc G N, 

(5) e c ^G' a G ^(R), a> 1, c < §. 

Proof. We get (1) by differentiating (|5.12[) under the integral sign. Relation (2) for 
fc = follows from 

e ~t 2 /r-r/4 < g-t 2 /''. 

Using (1) we obtain (2) for arbitrary k. Similarly using the inequality 

t 2 /r + r/4 > |*|/52 + l/2r + r/8, \t\ > 1, 

and the fact that the integral J+°° e -^r-r/8 r (a-i)/2^_ ig finite for all a g R wc 
obtain (3) for k = 0, and then for arbitrary k using (1). Finally, (4) and (5) follow 
from (2) and (3). □ 



BOUNDARY VALUES OF RESOLVENTS 



17 



5.4. Functional calculus associated to A. Let us fix a Co— group W on the 
Banach space T-L with generator A. 

Let Ai 7 be the set of functions / : M — > C whose Fourier transforms are complex 
measures such that: 

(5.13) H/H.M := fe*W\f(t)\dt < oo. 

is a unital Banach *-algebra for the usual operations of addition and multipli- 
cation and the involution f*(r) = /(— r). Such functions / admit a holomorphic 
extension in the strip {r : |Imr| < 7}, in particular do not have compact support. 
We define 

f(A) := J c itA f(t)dt 

and note that M. 3 f i-» f{A) £ B(H) is a linear multiplicative map. Clearly 
/ £ M 1 =S> fs £ -M 7 if < s < 1 and 

(5.14) ||/(sA)|| < A/||/|U T where /(sA) = f s (A). 

By Lemma EH we see that if a > then (•) _<T £ -M 7 if 7 < 1/2 hence (sA) _<T is a 
well defined bounded operator on T-L if < 2s7 < 1. 

A similar assertion holds for a large class of analytic symbols of strictly negative 
order but the problem of the boundedness of the operator f(A) for symbols of class 
S° which are not Fourier transforms of measures is much more delicate. 

We will be interested in the apparently trivial case when the derivative of / satisfies 
/'(t) = (r) _cr with <t > 1. To understand the nature of the problem note that for 
such an / the operator f(P) with P = — i^ is bounded in L P (R) if 1 < p < 00 but 
not in L^IR)^ 00 ^), or C (K). 

If W is a bounded Co-group and H. is Hilbertizable then 1 1 / ( A) 1 1 < C sup | / 1 because 
such a group is unitary for an admissible Hilbert norm. In our applications this is 
not sufficient because W is of exponential growth. But we have: 

Proposition 5.9. // % is Hilbertizable and f is holomorphic on the strip {z : 
\lmz\ < 7'} for some 7' > 7 then 

(5.15) ||/(4)|| <C sup \f(z)\ 

R+i]-7', 7 '[ 

For the proof, see |ABG[ Prop. 3.7.1]. The hilbcrtizability assumption is rather 
annoying but we expect that the result remains true in UMD spaces. 

One may define f(A) for unbounded functions / by allowing / to be a distribution 
of exponential decay instead of a measure. In other terms, / may be a sum of 
derivatives of exponentially decaying measures, or / a sum of functions in A^ 7 
multiplied by polynomials. We assume 7 < 1/2 and explain this in detail only for 
the functions /(r) = (t) s with < s < 1 which arc important here. Let us set 
(7 = 2 — s, so that 1 < a < 2. Note that from 

(T)- S (T)-° = (T)- 2 = (l-iT)- l (l+iT)-\ 

identity valid in the algebra A1 7 , we get by the already defined functional calculus 

(A)- s (A)- a = (1 + A 2 )- 1 = (1 - L4) _1 (l + L4)" 1 . 

Thus B = (A)~ a (l + A 2 ) is a well defined operator on DomA 2 and there we have 
(A)~ S B = B(A)~ S = 1. Hence we must define (A) s as the closure of B. Then we 
have on Dorm4 2 : 
(5.16) 

(A) s = f(l + A 2 )c itA G a (t)dt= f ({l~d 2 )c itA )G a {t)dt= j c itA (G a (t)-G'^t))dt 
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where we interpret the derivatives in the sense of distributions. If we set P = — ijj 
as operator acting on "H-valued distributions then we may write 

(A) s u = (A)- a u - J e itA uG^(t)dt = J W t u • (1 + P 2 )G a {t)dt, , u £ Domi 2 . 

This representation gives the following useful estimate: 

Proposition 5.10. If 7 < 1/2 and < s < m < 1 then there exists C > such 
that 

(5.17) |K^)'«||<q| U ||+C B up| a | <1 | a; |-' n ||(W(x)-l)«||. 

Proof. Let 6 be a G°° function such that 9(t) = 1 for |i| < 1 and 6(t) = if \t\ > 2. 
Set V{t) = 6(t)W t u. Then 

(A) s u = J V(t) • (1 + P 2 )G a {t)dt + f(l - e)W t u{\ + P 2 )G a {t)dt. 

By Lemma [5T51 (3) the second term is bounded by C||u||. Since V is a continuous 
function with compact support, for any s < fi < m we have: 



V(t) ■ (1 + P 2 )G a (t)dt = J (P)^V(t) ■ (P) 2 -»G a (t)dt. 
Since Pf(t) = tf{t) and a = 2 - s we have (P) 2 -^G CT = G^-s, hence 



V(t) • (l + P 2 )G ff (t)di 



;P>"y(i)-G M _ fl (t)dt 



< ||<P)^|| L »||G 



where we used that \i — s > and Lemma 15.81 (4) . Then it remains to note that 
\\{P) ti V\\ L ^ < C||V||c"> ifO</z<m<l, V has compact support, and 

||V||o» = sup ||V(t)|| + sup \t - s\- m \\V(t) - V(s)\\. 

t t/s 

This is easy to prove by a standard Littlewood-Paley type argument. □ 

5.5. Go-groups on K— spaces. In this subsection T~L is a A"— space equipped with 
the hermitian form (-|-). Since H is reflexive W* = {W*} is also a Go-group of 
operators on % whose generator is —A*. In other terms, W t * = e~ ltA . Clearly 
||W t *|| < M'e^ with the same 7 hence the operators A, A* admit an A^ 7 functional 
calculus and we have f(A)* = f(A*) for all / e M. 1 . For example, ((eA)^ a )* = 
(eA*)~ a for e > small enough. 

We shall say that the Krein structure is of class C 1 (A) if the conditions of the next 
proposition are verified. 

Proposition 5.11. The following assertions are equivalent: 

(1) the function 1 1— > (Wtu\Wtu) is derivable at zero for each u £ W, 

(2) the function 1 1-> (Wtu\Wtu) is of class G 1 for each u £ H, 

(3) the map t H> W^W t is locally Lipschitz, 

(4) A* = A + B where B is a bounded operator. 

Proof. For u,v £ DomA we have 

(5.18) - i—{W t u\W t u) = (W t u\AW t u) - (AW t u\W t u). 

If the derivative in the left hand side exists at zero for each u, v £ % then the map 
t 1 y WfWt is weakly diffcrentiablc at t = 0, hence by the uniform boundedncss 
principle the derivative is a bounded operator and so there is a number G such 
that - < G||m||||v|| for all u,v £ DomA Thus if we fix v £ DomA 

then |(Ay|w)| < G'||u|| for all u £ DomA hence v £ DomA* and \ (u\(A - A*)v)\ < 
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C|M|j|u|| for u,v G DomA. Thus DomA C DomA* and ||(A - A*)v\\ < C"\\v\\ for 
v G DomA. If we denote Aq the restriction of A* to DomA then we get Aq = A + B 
for a bounded operator B. If a > is large enough then 

A* + ia = (A + ia) + B = [1 + B(A + ia) _1 ](A + ia) 

and \\B(A + iay 1 \\ < 1 hence A* Q + ia : DomA -> "H is bijective. But A* + ia : 
DomA* -> H is also bijective for large a, so DomA = DomA* and A* = A + B. 
This proves (1) => (4). Then (4) (2) (1) follows from 

(5.19) (W t2 w|Wt 2 u) - (Wt^lWt^) = i f 2 ((W t u\AW t v) - (AW t u\W t v))dt 

which holds for u,v G DomA and extends to all u,v G % under the assumption 
(4). Finally, (2) => (3) follows from uniform boundedness principle and (3) (2) 
follows from (|5.19p and a density argument. □ 

Remark 5.12. Note that B = if t W t *W t \ t=0 . 

Remark 5.13. If A is self-adjoint for a Hilbert norm (-l-) 1 ^ 2 and (u\v) = (u\Jv) 
then (4) means J G C 1 (A). 

Corollary 5.14. If the Krein structure is of class C 1 (A) then the Besov scales 
rl s ,p associated to the groups W and W* coincide for —1 < s < 1. 

Proof. We have DomA = DomA* by (4) of Prop. 15.111 The spaces H^ p with 
< s < 1 associated to W are obtained by interpolation between DomA and H 
and similarly for W* , hence Uf^ = Tif" p if < s < 1. Then Uf p = Hf * p follows by 
duality if — 1 < s < (supplemented by an obvious density argument if p = oo). 
The case s = is covered by interpolating between W.y 2 p an< ^ ^-1/2 p- D 

Proposition 5.15. If the Krein structure is of class C 1 (A) then for < a < 1 
and e > small we have: 

(5.20) \\{eA) a - {eA*Y\\<Ce 1 

(5.21) (sA)- a - (eA*)- a = (eA)- a - ((eA)- CT )* = (eA)" '0{e){sA)- a . 
Proof. Set for simplicity of notation H. s = 7if 2 - From (|5.16p we get 

/AtsA AteA* 
^ t(G 2 . a (t) - G%_ c (t))dt. 

This holds in S(-Hi,H_i) by CorollaryEHl Using that ||e i£tA -e i£tA * || < C*|rt|e air l*l 
since A— A* is bounded, and the estimates for G2-C, in Lemma we obtain (|5.20l) . 
This implies ||(£A) CT wj| < c|| (eA*) <T u|| hence by using a similar estimate with A and 
A* interchanged and then taking adjoints we obtain: 

\\(£AY(eA*)-°\\ < C, \\(eA*)°(eA)-°\\ < C, 

(5.22) 

\\{eA)-°{eA*Y\\ < C, ||(eA*)-' J (eA) CT || < C, 
where the number C is independent of e. The left hand side of (|5.21j) is 

(eA)- a ((eA*Y - (sAY)(sA*Y a , 
and so if we use (j5T2H| and (j5T2"2"]) we get (jOT|) . □ 

6. Commutator expansions 

In this section we prove some results on commutator expansions. These results are 
well-known in the Hilbert space setting. In the Banach space setting considered 
here they seem to be new. 
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6.1. Functional calculus associated to A. We now discuss the functional cal- 
culus associated to the operator A acting on BifH) introduced in (|5.2[) . By (|5.3[) 
the operator f(A) = J e ltA f(t)dt is well defined if / e M 2l and / n- f(A) is a 
linear multiplicative map with values in the Banach algebra of bounded operators 
on B(W) such that 

(6.1) 11/(^)11 <M 2 ||/|U,. 

Let TV be the set of functions whose Fourier transforms are measures supported in 
\t\ < 1. Then TV is a linear subspace of AA 2l which contains the constants, is stable 
under derivations, and: 

(6.2) Wf.WM*, < e 27|s| ||7lU 1(R ), selJeAf. 

Below we use the notation / introduced in (|5.11l) . 
Lemma 6.1. (1) If f G TV then 

Wf(sA)\\ < Ce 27|s| , sei 
(2) If f,f <E Af and T € C a {A) for some < a < 1 then 

\\f(s 2 A)T - f(siA)T\\ < C\s 2 - Sl \ a e 2 ^ for \s 2 - Sl \ < 1. 

Proof. (1) follows from (|6.1[) . (|6.2j) . Let us now prove (2). We first claim that if 
T G C Q (A) and 5 e TV with g(0) = then: 

(6.3) \\g(sA)T\\ < C\t\ a e 2 ^, tel. 

In fact since || (e itA - l)T|| < C|i| Q e 27 l*l if T G C Q , we have: 

\\g(sA)T\\ = \\g(sA)T - g(0A)T\\ = \\ j {c istA l)Tg(t)dt\\ 

< J \\(e istA - l)T\\\g(t)\dt < C J \st\ a c 2 ^\g{t)\dt < C'\s\ a c 2 ^. 
We write now 

f(s 2 A)-f( Sl A)= r^-f(sA)ds= f 2 Af{sA)ds= f" ' f(sA)—. 

J S1 as J S1 J S1 s 

Since / G TV and /(0) = we get \\f(sA)T\\ < C|s| a e 2 ^l s l by (O]). So if < Sl < 
s 2 < si + 1: 



\f(s 2 A)T-f( S1 A)T\\< r wf(sA)T\\- < r 

J si s J si 



dt 

C\s\ a e 2 ^ s — 
s 



< -(s« - s ?)e 2 ^ Sl+1 ) < -(s 2 - Sl ) a e 2 ^ +1 \ 
a a 

If si < s 2 < the argument is similar. The case si < < s 2 follows from the 

preceding ones. □ 

The next lemma will be needed later on. 

Lemma 6.2. Let B a normed vector space. Let £ = dr\ where 6 : R — > B with 
9(0) = and rj : R \ {0} — > C is a function of class C . Assume that for some real 
numbers a, b, j3 1 m, fi satisfying < m < /3 < 1 and fi > 3"f we have: 

(6.4) ||0(si)-0(* a )|| <a\ Sl ~s 2 fe 2 ^ if \ Sl - s 2 \ < 1, 



(6.5) |t?(s)| + \rf(s)\ < b\ 



m-l p -fi\s\ 



s e 



The 



71 : 



J U(s + 1) - i(s)\\d S < C p , m ab\tf- m , |*| < 1. 
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Proof. It suffices to consider the case < t < 1. From ||£(s)|| < a6|s|^ m 1 and 
since /3 — m > we get: 

/ U(s + *) - < 2 / ||e(a)||da < 2a6(/3 - m)" 1 ^*)^™ 

J\s\<2t J\s\<3t 

We estimate next f^°°, the integral /_ ' is treated similarly. Clearly 
er'\\t(s + t)-t(s)\\ds 



< 



21 

oo 



S i s \\e(s + t)-6(s)\\\r)(s + t)\ds+ / ei s \\e(s)\\\ri(s + t)-ri(s)\ds 



21 



21 



<ab 



3 7«^ e 27«( a + t )-m-l e -M(»+t) dfl + a / ^'gP^T 



s+t 



v'{y)dy 



ds. 



The first integral is less than ohm, H° m and the last integral is less than 
abf™ J s s+t s^e 3 ^y- m - 2 e-^dyds 
< ab S P- m -Hds < T ^^{2tf- m - l t 
= C f ^ m abtP- m . 

This completes the proof of the lemma. □ 
In the next lemma we will use Lemma 16.21 for B = B{Ti). 

Lemma 6.3. Assume that either K 6 J\f with K(0) — and K G Af or that 

K(t) = l-c~ ir . Let( be a complex function in C fl (M\{0}) smc/i ttai |C( s )l+|C(s)l < 
qgj-mg-Mlxl ^ o < m < 1 and ^ > 37. Set 

Je= f c i£sA "K(esA)({s)^- for < e < 1. 

TTiera for T G C^(^4) mi/i m < (i < 1 we ftawe J e (T) E B(H) and 

\\J s (T)(W(et)-l)\\<C S P\tf- m , \t\<l. 
In particular \\J e (T)(eA) s \\ < Ce' 9 if s < - m and 2ej < 1. 

Proof. The function if is such that A"(0) = and 

\\K( Sl A)T - K(s 2 A)T\\ < C\ Sl - si|V 7|si1 

if |si — si| < 1. Indeed, this follows from Lemma \Q. II for the first choice of K and 
is obvious in the second case. Since K(0) = we obviously get ||-fT(s„4)T|| < 
C\sfe 2 "fW for any s. Then 

\\e iEsA K(esA)(T)((s)\\ < Ce^sf^e'^- 3 ^, 

hence the integral defining J e {T) is absolutely convergent in norm and ||j7" e (T)|| < 
Ce 13 . Then we put £(s) = K(esA)(T)((s)/s and wc write 



\\Je(T)(e 



-let A 



1 = 



£(s)e iesA ds(e 



1) 



+ *)-£(«)) e 1EsA ds 



which is less than J e e7 l s l||£(s + t) — £(s)\\ds. Now we apply Lemma 16.21 with 
6(s) = K{esA){T) and r/(s) = C(s)/s. The last assertion follows from Prop. I5TU1 
by using the estimates \\J e {T)\\ < Ce 13 and || J £ (T)(W(et) - 1)|| < C*e /3 |t|' 3 - m for 
1*1 < 1. □ 
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6.2. Commutator expansions. Our proof of Thm. 17.91 is based on the strategy 
introduced in |Ge] and involves two ingredients: a version of the Putnam argument, 
cf. Props. 17.31 and 17.61 below, and a commutator expansion estimate, cf. |Gel Sec. 
2], which we discuss in this and next subsections. 

More precisely, we are interested in developing the commutator [S, f(A)] in terms of 
iterated commutators A-'(S) with estimates on the remainder for "nice" functions 
/ : K — > C. If A is sclf-adjoint such results were obtained in |GoJej using the Hclffcr- 
Sjostrand formula (|2.5[) (with H replaced by A). If A is the generator of a Co-group 
then f{A) cannot be expressed by a relation of the type (|2.5|) (the imaginary part 
of the spectrum of A may be too large) but a version of the Dunford functional 
calculus could certainly be used. On the other hand, the method we use below 
is quite classical and elementary (a detailed presentation in the case of groups of 
polynomial growth may be found in |ABG1 Sect. 5.5]). 

In this section we make some general remarks on commutator expansions. We first 
discuss the "truncated exponentials" E k defined for any k G N as follows: 

1 

The following properties are easy to check. 



(6-6) E k {r) = — f U- £ < J<fe (iT)7.7 



Lemma 6.4. 

(1) E k {p) = h 

(2) E k (r) = i+irS fc+1 (r), 

(3) E k (r) = fi #*!^dt> = - jj e-dii#l, 

(4) iE' k = kE k+1 -E k , 

(5) 5E k = E k —i — kE kl for 1 < k, where 5 = rd Tl 

(6) r m d™E k = J2n=o Cki n ) E k-3, for each < to < fc, and C?(n) G N, 

(7) T m d™E k G TV, /or m G N.. 

Proof. For example, (3) is clearly true if k = 0, 1 and the function defined by the 
right hand side of (3) satisfies the induction relation (2), hence (3) holds for any k. 
To prove (6) observe first that T m <9™ = 5_w=i f° r some integers 6™ and then 
use (5). Since E k G Af because of (3), we get (7). □ 

We write [S, f{A)] = (f{A r ) - f(A t ))(S) and develop the operator f(A r ) - f{A t ) 
acting on B(H) in terms of powers of A = A r — Ag by using a Taylor expansion. 
The class of functions / : R — > C for which this makes sense is easy to specify and 
depends only on the behavior for large t of the group e itA , for example / could be 
the Fourier transform of an exponentially decaying distribution. 

Lemma 6.5. For any integer k > 1 we have 

(6.7) f(A r )= ]T A j fU\At)/j\ + A k 1l k (fW), 

Q<j<k 

where 

(6.8) n k (g) = J c itA *E k (tA)g{t)dt. 

Proof. We use the notation: 

A := A e , A\:=Ar, A B := A Q + 9A = (1 - 0)A + 0Ai. 
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We have the following Taylor formula for f(Ai) = f(Ao + A): 

(6.9) f(A 1 ) = J2 ^f U) (Ao)-^ f f {k] (Ae)d(l-9) 

0<j<k ' •'° 

This is easy to prove by induction: if k = 1 then 

(6.10) f{Ai) = f(A ) + J ^f(Ao + 6A)d9 = f(A ) + j f{A e )Ad6 

and to pass from the k to the k + 1 step of the induction process it suffices to 
integrate by parts the last term in (I6.9p . If we set g = f 1 -^ we get (|6.7p with 

■11) K k (g)= C g{Ae) [l ~ 6)k ~' d6 



(fe-1)! 



From Ae = Ao + 9 A we get 

g(A e )= [ c itAB g(t) dt = I e itA °e wtA g{t)dt 



which inserted in (|6.11[) gives (|6.8[) . This proves the lemma. Another easy proof 
by induction follows from IZk(g) = jjg(Ao) + A7Zk+i(g') which is an immediate 
consequence of the definition (|6.8[) and of the relation (2) in Lemma l6~il 

We now explain how to estimate an operator like 1Zf~(g)T when T € B{T-L)] in our 
case T = A k S for some bounded operator S of class C k (A). Observe that TZk(g) 
looks like the Fourier transform of the function t M- Ek(tA)g(t) evaluated at the 
point Ae- Hence we expect that decay of TZk(g) with respect to Ae follows from 
regularity of the function 1 1— > Ek{tA)g{i). In fact, an integration by parts argument 
which can easily be justified under convenient conditions on g gives: 



(-U^ftk(ff) = I ({~d t y C ltA *)E k {tA)g{t)dt = j e ltAl dl(E k {tA)g{t) 
Y^CL / ^ A 'ET(tA) 9 -—^dt 



dt 



m=0 



with £^(r) = T m d r T n E k . We saw before that E™ e N if m < k and then 
WE^itAjW < C7e 27 l'l by LemmaO The exponential decay of g^- m \t) will com- 
pensate the divergence of this factor hence there are no problems at infinity if j < m. 
Only the singularity at of g^~ m \t)t~ m could make the integral divergent. 

Our main purpose in the next subsection is to show that || (A) s X (A) s \\ is finite for 
some X = TZk{g)T E B(H) and < s < 1. For this it suffices to prove that X 
sends into "H^oo for a number fj. with s < /i < 1. If % is reflexive then this 

is a consequence of an estimate of the form ||(e 1;E ^ — l)T(e iyA — 1)|| < C|a7| M |y l^ 1 for 
small x,y. Hence (e lxAe — l)(e lyAr — l)TZk(g) is the object one has to estimate. 



6.3. First order estimates. The main results of this subsection concern estimates 
of the remainders in some commutator expansions of interest later on. We will 
denote 0(e) any bounded operator on H depending on the parameter e > 0, defined 
at least for small e, and such that ||0(e)|j < Ce. 

Proposition 6.6. If < s < (3 < 1 and S € B(U) is of class C P (A) then 
[(eA)- s ,S] = (eA)- s O(e fj )(eA)- s . 

Proof. The idea of the proof is very simple at a formal level: we write 

[{eA)- s ,S} = (sA)- s [S, (eAy}(eA)- s 
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and show that [S,f(eA)] = 0(e") for /(r) = (t) s . In order to justify this formal 
computation we first take e = 1 (we assume, without loss of generality, 7 < 1/2) 
and assume S € C 2 (A), so that S leaves invariant DomA 2 . If B = (A)~ a (l + A 2 ) 
with a = 2 — s (sec Subsect. 15. 4[) then on DomA 2 we have: 

[(A)- S ,S*] = (A)- S SB{A)- S - {A)- S BS{A)- S = (A)~ S [S, B](A)~ S . 

Then by (1STT5)) we have [S, B] = f[S,c itA ](G a {t) - G'^{t))dt on DomA 2 hence 

(6.12) [(A)~\S] = (A)- s ( f[S,e itA ]G a (t)dt- f [S^c^tG'^dt] (A)~% 



where G a (t) is the Bessel potential considered in Subsect. 15.31 By Lemma 15.81 
\tG'l(t)\ < C\t\- S for t ^ and \tG'l(t)\ < C|i| 3 e -I*l/ 2 for |i| > 1. 

We observe next that the relation (|6.12j) remains valid for any bounded operator S 
of class C^(A). Indeed using 

[S, e itA ]=j tA '(e itA -l)S, 

and (|5.3[) . we have || [S, e ltA ]\\ < Ce'*' / ' 8 |i| /3 and it is easy to construct a sequence of 
operators S n £ C (A) satisfying a similar estimate uniformly in n and \\S n — S\\ — > 
as n — > 00. We apply (|6.12|) to each S n and then pass to the limit. 

Replacing A by eA in (|6.12[l and using 

|| [S, t~W tsA } || < Ce^e^tf- 1 , 

we complete the proof of the proposition. □ 
We set now 

E(r):= El (r) = ^ = £ e^dt, 

( 6 - 13 ) tT . ■ 

F(r):= £?( T ) _ 1 = s-^i=ir. 



From Lemma Hh4l we know that E,F £ Af. Moreover F(t) = tF'(t) = e iT - E(t) 

so F eM. 

Proposition 6.7. Let S e C a (A) for | < a < 2 and set S" = [S, iA]. Then for any 
number s such that 1/2 <s<a — 1 and any function f such that /'(t) = (t)~ 2s 
we have 

(6.14) [S,if(eA)] = (eA)- s (eS' + 0(e a ))(eA)- s . 



In the usual Hilbert space setup when A is a self-adjoint operator and S is of class 
C 2 (A), this proposition was proved in [Gel Prop. 2.4] using a general commutator 
expansion due to Golenia and Jecko |Go Jej . 



Proof. Since s > 1/2 the function / is bounded. We assume, without loss of 
generality, 67 < 1 and < e < 1. To simplify notations we set g(r) = (t)~ s and 
fs = f(zA), g £ = g(eA). Assume that we have proved that: 

(6.15) [S,if e ] = gleS' + g e O(e a )g e . 

If P = a - 1 then S' € C P {A) hence from Prop. HI we get [g £ ,S'} = g E 0(s l3 )g e . 
By using g 2 S' = g e S'g e + g e [g E , S'] we then obtain (|6.14|) . Thus it remains to prove 
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As before, we first include e in A, so we take e = 1, and then discuss the dependence 
on e. Obviously: 

(6.16) f(Ar) - f(A £ ) = f e"*i(e 1M - l)f'(t)dt = J j tA <AE(tA)f'(t)dt 

(6.17) = (f'iAt) + /" e if ^F(a)/'(t)rfi)A 

Thus if S is a bounded operator of class C 1 (A) we get the first order commutator 
expansion with remainder 

(6.18) [S,if(A)} = f'(A)S' + K(S') with K = [ e itAe F(tA)f'{t)dt. 



We have \\e itAe \\ < Mc^ and \\F(tA)\\ < Cc 2 ^ by Lemma EU On the other 
hand, /' decays like c I * I / 2 ; so there is no convergence problem at infinity and the 
integral defining TZ(S') is norm convergent. Then 

(6.19) [S,if(sA)} = ef(eA)S' + eTl £ (S') with TZ £ = J e i£tAe F(etA)f'(t)dt 
and (|6.15|) follows if we prove that (recall that /3 = a — 1 > |): 

(6.20) \\(sA) s K e {T)(sA) s \\ < Cs? , T e C (A), i < s < /3, 

We shall in fact prove a stronger estimate, namely 

(6.21) ||(1 - ieA)K e {T){eA) s \\ < Ce? . 

We set ijj(t) := /'(i) = C?2s(i) and recall from Lemma [577] (4) that since 2s > 1: 

(6.22) e c| V,e c| *'<5 (fc V € L 1 (»)> < c < i, fc e N. 



Using At = A r — A we get: 



(l-i^) K '= K --/(|e"«<) 



F{etA)4>{t)dt 



F{etA)(tiP(t)) + 1>(t)) + F(etA)ip(t)) ^ 



where Fi(r) = c~ iT F(t), F 2 (t) = c- iT F(r), and ^i(t) = (#(*) + % taking 

into account the explicit expressions given in (|6.13[) for F, F we obtain F\ (r) = 
F(—t) + (1 — c~ lr ) and -^(t) = — F(— t). In order to justify the integration by 
parts argument we have used the estimates on tp recalled in (|6.22l) . 

Thus we see that (1 — ieAifRf is a linear combination of terms of the form J e = 
j e ietAr K(etA)((t)f with K(t) equal to one of the functions F(-r) or 1 - c~ iT 
and ((t) either tp(t), or ttp(t), or Stp(t). 

In all three cases the function £ verifies |C(*)| + I^CMI — C^c"^'* for any /i < 1/2, 
and K(t) satisfies the conditions in Lemma fo.31 We now apply Lemma \6 . 31 where 
m > may be taken as small as we wish. This proves (|6.21[) and completes the 
proof of the proposition. □ 
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7. Boundary values of resolvents 

In this section we prove the main result of this paper, described in Thm. 17.91 We 
show that if H is a self-adjoint operator on a Krein space /C, satisfying a positive 
commutator estimate in the Krein sense on some interval, then weighted resolvent 
estimates near the real axis (analogous to the well-known Hilbert space case) hold 
on this interval. 

7.1. Putnam argument and beyond. To get a better perspective on the positive 
commutator methods we make some preliminary comments in the context of a 
theorem due to Putnam, see [PI] or |P2[ Thm. 2.2.4]. In this subsection we assume 
that H is a Hilbert space and H is a self-adjoint operator on it. We denote \j{H) 
the spectral projections of H and set R{z) = (H — z) -1 . 

Putnam discovered that if one may construct a (bounded) self-adjoint operator B 
such that [H, \B] > (in form sense) then H has a rich absolutely continuous spec- 
trum. We recall here his argument |P21 p. 20]. This is the proof of the implication 
(]7.ip (]7.2[) below and is very simple but gives only an estimate on the imaginary 
part of the resolvent Imi?(z) for z — A + ifi, n i 0. Next we explain how to modify 
it such as to control the whole resolvent R(z). 

Proposition 7.1. Let B = B* and C be bounded operators and let us consider the 
following assertions: 

(7.1) CC* < [H, LB] as quadratic forms on DomiJ, 

(7.2) C*lj(H)C < \\B\\\J\ for any Borel set J, 

(7.3) C*(lmR(z))C < n\\B\\ for all z with Imz > 0, 

where \J\ is the Lebesgue measure of J. Then we have J 7. I| ) =>■ J 7. J7.g[ ). 

Proof. If J an interval with midpoint A then 

lj{H)CC*tj{H) < tj{H)[H - X,iB}lj(H) = 2Re(l j(H)(H - X)iBlj{H)) 
hence for any ueHwc have 

\\C*tj(H)u\\ 2 < 2Rc((H - X)tj{H)u\iBtj(H))u) 

< \J\\\lj(H)u\\\\Bij(H))u\\ < |J|!|B||j|]l 7 (ff) U || 2 . 

This is equivalent to 

Kj(H)CC*lj(H) <\\B\\\J\lj(H) <\\B\\\J\, 

hence 1 1 C* H.j- ) 1 1 2 < ||-B|||J|. Obviously, if O holds for intervals then it holds 
for any Borel set. Note also that (O can be stated as ||Hj(fr)C|| < ||B|| 1/2 | J| 1/2 . 

Now we prove (f7TS|) (f7T^|) . If E u is the measure E U {J) = (u\lj(H)u) then 
-Im{u\R(X + ifx)u) = - f 2 dE u {x). 

7T 7T J [X — A) Z + /J, Z 

Now clearly lm(u\R(z)u) < irM holds for all z with Imz > if and only if E u is an 
absolutely continuous measure with derivative E' U (X) < M for a.e. A. □ 

Remark 7.2. The relation (|7.3[) says that the imaginary part of the holomorphic 
function C* R(z)C in Imz > is bounded, and this is equivalent to the boundedness 
of the boundary value C*(lmi?(A + iO))C. Unfortunately, from the boundedness 
of the imaginary part of a function holomorphic in the upper half-plane it is not 
possible to deduce the boundedness of the real part, hence of the function, because 
the Hilbert transform is not bounded in L°°(M). However, if C* (lmi?(A + iO))C is 
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a Holder continuous function of A on a real open set J, then C*R(z)C extends to 
a Holder continuous function on the union of the upper half-plane and J. 

We now modify Putnam's argument such as to estimate C*R(z)C and not only the 
imaginary part. This is related to the energy estimate as presented in |Gej . 

Proposition 7.3. Let B = B* and C, D be bounded operators with BC = CD and 

(7.4) CC* < [H, iB] as quadratic forms on DomiJ. 
Then we have 

(7.5) \\C*R{z)C\\ < 2(\\B\\ + \\D\\) if Imz ^0. 

A bounded operator D such that BC = CD exists if and only if B leaves the range 
of C invariant. 

Proof. Let Jmz > and b = -\\B\\ (if Imz < let b = \\B\\). Denote R = R(z) and 
L = C*RC. Then 

L*L = C*R*CC*RC < C*R*[H, iB]RC = C*R*[H - z, i(B + b)]RC 

= C*R*{H - z)i{B + b)RC - C*R*\{B + b)(H - z)RC 

= C*i{B + b)RC + C*R*(z - z)i{B + b)RC - C*R*i(B + b)C 

= 2lm(C*R*(B + b)C) + C*R*{2lmz){B + b)RC 

= 2lm(C*R*C(D + b)) + C*R*(2lmz)(B + b)RC. 

Since (2lmz){B + b) < we get with a = ||L||/||D + 

L*L < 2Im(L(D+b)) < aL* L+a' 1 (D+b) 2 < a\\L\\ 2 +a- 1 \\D+b\\ 2 = 2||L||||D+6|| 

which is better than (|7.5|) . For the last assertion note that by the closed graph 
theorem we may take D = C^BC with C = CKKerC)^, cf. [Do| Thm. 1]. □ 

Prop. 17.31 and ideas from |Gej give the following extension of Mourre's theorem 
[M2] . 

Theorem 7.4. Let A be a self-adjoint operator on the Hilbert space H such that H 
is of class C a {A) for some a > 3/2 and let I be a real bounded open interval such 
that 

E(I)[H,iA]E(I) > aE(L) 
for some number a > 0. Then for each compact interval J d L and each s > 1/2 
there is a number C such that 

(7.6) \\(A)- s R(z)(A)- s \\ <C if Rcz e J and Imz ^ 0. 

// some (j) € C^°(]R) with </>(A) = A near I is fixed, then C depends only on a and 
on an upper bound for the C a (A) norm of (j){H) . 

We sketch only the main idea of the proof to explain the role of Prop. 17.31 details 
are given in a more general context in Subsect. 17.31 Note that it suffices to prove 
sup^ R \\(A)- s R(z)£(H) 2 (A)- s \\ < C if £ e Cg°(I) real. Clearly one may replace 
here A by eA with e > 0. Let / be a function with /'(r) = (t)~ 2s . Then (|T4"]) 
is satisfied by B = ££{H)f(eA)£(H) and C = £(H)(eA)- s if e is small and 
1/2 < s < 1. 

Remark 7.5. In |M2j it is assumed that a — 2 and e'^Donxff = Domi? for all 
t. The extension from C 2 (A) to C a (A) with a > 3/2 is not really significant in 
applications (a > 1 is the natural condition and such an improvement would be 
practically relevant). We included, however, this generalization because it is rather 
surprising that the method of [Ge| allows one to pass from the class C 2 (A) to the 
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class C a (A) with a > 3/2 without any change in the strategy of the proof. Indeed, 
the case a > 1 as treated in jABGj requires a rather substantial modification of the 
"method of differential inequalities" of Mourre, while here the restriction a > 3/2 
comes only from the proof of (|6.14l) . 

7.2. Positive commutators in Krein spaces. We now extend the techniques 
and results of Subscct. 17.11 to the Krein space setting. We begin with a Putnam 
type assertion. 

Proposition 7.6. Let H be a self-adjoint operator with p(H) ^ on the K— space 
%. Let II be a positive projection which commutes with H and let B,C, D be bounded 
operators such that 

(1) B = B* , c = nc, 

(2) BC = CD, 

(3) CC* < Tl[H, iB]Tl as quadratic forms on DomiJ. 
Then the operator L(z) — C* R(z)C satisfies 

(L(z)u\L(z)u) < c(\\B\\ + ||£>||)||I,(z)u||||u|| for u&H, zE p(H), 
where c depends only on H and II. 

Proof. Set R = R(z), L = L(z) and assume that Imz > (the proof is similar 
Imz < 0). Note that if z £ p(H) then z £ p(H) and R* = (H - z)' 1 . For b £ R we 
have: 

R* [H, iB]R = R*[H- z, i(B + b)]R = i(B + b)R - R*i(B + b) + (2Imz)R* (B + b)R 
= 2lm(R*(B + b)) + (2lmz)R*(B + b)R. 

Since (B + b)C = C(D + b) we get 

(7.7) C*R*[H,iB]RC = 2lm(C*R*C(D + b)) + {2lmz)C*R*{B + b)RC. 

Since C = IIC and II commutes with H we have 

C*R*(B + b)RC = C*R*U(B + b)URC. 

Using ([311]) we may choose b = -\\B\\ n such that (2Imz)C* R* (B + b)RC < 0, hence 
from (|7.7p we get: 

C*R*[H,iB}RC < 2Im(L* (D + b)) . 

Now observe that C*R*[H, \B}RC = C* R*Il[H,iB}URC hence from hypothesis 
(3), we get 

L*L = C*R*CC*RC < 2lm(L*(D + b)). 

This yields for 116M, with a constant m depending only on %: 

(Lu\Lu) < 2lm(Lu\(D + b)u) < m\\Lu\\ \\ (D + b)u\\ < m\\Lu\\ (\\D\\ + ||B|| n )||w||, 

using that b = — ||-Bj|n- Since ||-B||n < ^ll^lli f° r some constant d depending only 
on II, this gives the required estimate for c = max(m, md). D 

Remark 7.7. If % is a Krein space then there is a bounded operator D such 
that hypothesis (2) in Prop. 17.61 is satisfied if and only if B leaves the range of 
C invariant, cf. |Dol Thm. 1]. Indeed, since T~L is Hilbertizable, we may choose a 
closed subspace K. in H such that H = KerC © 1C; then take D = Cq 1 BC where 
Co = C\K. 
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Corollary 7.8. Let % be a Krein space and II a positive projection which com- 
mutes with H. Assume that B,C are bounded operators with B = B*,C = TIC, 
and such that B leaves invariant the range of C . If the inequality Tl[H, iB]Tl > CC* 
holds in quadratic form sense on T)omH and if we set L(z) = C*R(z)C then 
(L(z)u\L(z)u) < c||L(z)m|| Vit G 1-L, where the number c depends only on II, B,C. 

7.3. Boundary value estimates. We refer to Definition 12.21 for the open real 
set /3(H) on which H admits a smooth functional calculus. For example, if H is a 
dcfinitizable operator on a Krein space then by Proposition ^. 15l we have [3(H) = R. 

The following theorem is the main result of our work. 

Theorem 7.9. Let % be a Krein space and A the generator of a Co-group on % 
such that the Krein structure is of class C (A). Let H be a self-adjoint operator 
on % and II a positive projection which commutes with H such that the following 
conditions are satisfied: 

(1) H is of class C a (A) for some a > 3/2, in particular H' = [if, LA] is well 
defined; 

(2) there is tp G C^ ([3(H)) real with <p(\) = 1 on a neighborhood of a compact 
interval J such that ip(H)Tl = <p(H) and: 

(7.8) (p(H)(ReH')<p(H) > a(p(H) 2 , a > 0. 
Then if s > 1/2 and e > is small enough, we have 

(7.9) su Pj±i]o ,v]\\( £ A)~ s R(z)(eA)~ s \\ < oo, for some v > 0. 

Even though our framework is much more general than the familiar Hilbertian 
one, we will adopt the usual terminology and call an estimate like (|7.8[) a Mourre 
estimate. 

Remark 7.10. In applications one often assumes that H admits a Borel functional 
calculus on an interval I D J and that II = ij(H). If ii(H) < then the 
assumption (|7.8[) should be replaced by 

ip(H)(RcH')(p(H) < aip 2 (H), a > 0. 

Multiplying the Krein structure by — 1 one is then reduced to the situation of the 
theorem. 

Proof. Let / be a neighborhood of J on which >p(X) = 1. We notice that it suffices 
to show 

sup\\(eA)- s R(z)^(H) 2 (eA)- s \\ < oo 

for each real £ G Cq°(7). Indeed, if Rcz £ J and we choose £ such that < £ < 1 
and £(A) = 1 when A is at distance less then v of J, then R(z) — R(z)^(H) 2 + 
R(z)(l - £(H) 2 ) and ||i?(z)(l - £(H) 2 )|| < v~ k for some finite number k. 

Clearly we may assume s < [3 = a — 1 < 1. We shall use the notations introduced 
in the proof of Prop. 16.71 g(r) = (t)~ s , / is a function such that /' = g 2 , and 
g e = g(eA),f £ = f(eA). Note that f e is a bounded operator by Prop. 15.91 For 
Greek letters £,77, etc, we often adopt the abbreviations 77 = f?(-ff),£ = £(H), etc. 

If X £ , Y £ are bounded operators defined for small e we write X e ~ Y e if X £ — Y e = 
g e O(e l3 )g* and X E -< Y E if X t - Y e < g e O(e^)g*. For example, Prop. 15.151 gives 
g £ - g* and from Prop. E2]wc obtain £g £ - g e ^ if £ G C x (f3(S)). 

Fix cf> G C^°(K) real such that 0(A) = 1 on a neighborhood of the support of ip and 
set S = <j)(H). Then S is a bounded symmetric operator of class C a (A) and we 
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have gS'g = rjH'n for all r) € Cg°(J). From Prop. Owe get [S,i£- l f e ] ~ g e S'g*, 
hence if we denote F £ = e~ 1 Kef £ we obtain: 

[S,iF £ ] ~ g e (ReS')g* £ . 

Then if r) € C °°(/) we get: 

= geV(ReH')gg* y ag £ g 2 g* ~ agg £ g*g. 
If 77 is chosen such that £77 = £ then we get finally 

[S.i^] 

for e small enough. 

In Prop. EUwc take B = and C = tg £ . Observe that £11 = £</5lI = ^ = £ 
hence, by taking adjoints, II£ = £11 = £. To find D we note that BC = CD 
means £ > F £ £ 2 g £ = £,g £ D hence follows from F £ £ 2 g £ = g £ D so it suffices to take 
D = g £ 1 F £ £ 2 g £ . This is a bounded operator because £ is of class C 1 (A) and 
< s < 1, so F e £ 2 leaves invariant the range of g £ . Now we apply Prop. 17.61 and 
obtain 

(L £ u\L £ u) < A-(||fi e || + ||U e ||)||L e «||||«|| 

< «y||£ e «|| 2 + (4S)-\\\B £ \\ + \\D £ \\) 2 \\u\\ 2 , u€% 

for some S > 0, where we have indicated the dependence in e for clarity, in particular 
L £ = g*£ 2 Rg £ . We write this as 

(L £ u\L £ u) < S\\L £ u\\ 2 + c\\u\\ 2 , 

where c = c(d, e). With the notation r]± = 1 — r\ we have £771. = hence 

Vx L £ = vxgteRQe = [9* s ,v}Z 2 R9e = g* £ 0(e)g* £ eRge = 0(e)L £ . 

Thus we have gL £ = L £ — rj L £ = L £ + 0(e)L £ . Since the projection II is positive, 
there is a constant TV such that iV _1 ||z;|| 2 < (v\v) for v E JTH. Thus from r\ = lb/ 
we get: 

N~ 1 \\gL £ u\\ 2 < (gL £ u\gL £ u) = (L £ u + 0(e)L £ u\L £ u + 0(e)L £ u) 

< (L £ u\L £ u) + 0{e)\\L £ u\\ 2 < (5 + 0{e))\\L £ u\\ 2 + c{5, e)\\u\\ 2 . 

But L £ — r)L £ + 0(e)L £ hence (1 — 0(e))||L £ u|j < ||iyL E u||. Inserting this above we 
get for e small enough the estimate 

||L £ u|| 2 < 2iV((5 + C'(e))||L £ u|| 2 + 2iVc( ( S,e)||u|i 2 . 

Finally, taking both S and e small we obtain ||L e w|| < C||u|| for some constant C. 
Thus \\g* £ eRgM\ < C\\u\\ and Q gives Wg^RgM < C||u||. □ 

Remark 7.11. We were forced to ask H to be a Krein space, and not an arbitrary 
K— space, only because of hilbertizability assumption in Prop. 15.91 

7.4. Virial theorem. In order to check the positive commutator estimate (|7.8|) . 
one needs to extend to if-spaces some facts related to the virial theorem. We do 
this in this subsection. Let H be a self-adjoint operator in a K— space with a not 
empty resolvent set. In all this subsection we fix an open real set I on which H 
admits a C° -functional calculus. 

Then, as shown in Thm. 12.41 the calculus extends to a bounded Borcl functional 
calculus on /, so f(H) is well defined if ip is a bounded Borel function on I. 

Lemma 7.12. //A € I then H{\}(H) is the orthogonal projection onto Kcr(i7 — A). 
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Proof. l{\y(H) is a projection because l{ A j = 1{a}- Recall that r z for z € p(H) 
is the function r z (x) = (x — z) -1 . Then r z (H) = R(z) and clearly Ker (i7 — A) 
is exactly the set of vectors u E H such that r z (H)u = r z (\)u. Since the Borel 
functional calculus is multiplicative we have 

r z (H)l {x} (H) = l {x} (H)r z (H) = (l {x} r z )(H) = (l {x} r z (X))(H) = r z (X)t {x} (H). 

Thus i {x} (H)H C Kcr(iJ - A). Reciprocally, if u € Kcr (H - A) then r z (H)u = 
r z (X)u hence ip(H)u = ip(X)u for any rational function with poles only in the 
resolvent set of H . From (|2.4[) for example, we then get ip(H)u — ip(\)u for any 
(fi G C^°(I), and finally by taking limits we get it for any bounded Borel function 
on /. In particular ^x}(H)u = u. □ 

Now let A be the generator of a C°-group such that H is of class C 1 (A). If we 
interpret H' = [H, iA] as a sesquilinear form on Donxff , then we have the following 
virial theorem. 

Lemma 7.13. For any X e I we have 1{\}(H)H'1{ X }{H) = 0. 

Proof. Let z e p(H) and R = (z - H)~ l . Then R' = [R, iA] = RH'R and for any 
bounded Borel ip with support in / we get (p(H)H'ip(H) = tp z (H)R'tp z (H) with 
tp z (x) = ip(x)(z — x). Thus we have: 

t {x} (H)H't {x} (H) = (z-X)H {x} (H)R't {x} (H) = (z-X) 2 lim 1 {A} [H)[R, A T ]t {x} (H) 

where A T = (e irA - l)/r. Since 

i {x} (H)[R,A T ]t {x} (H) = l {x} (H)RA T l {xy (H) - 1 {A} {H)A r Rt {x} (H) 

= H {x} (H)(z - X)A T t {x} (H) - l {x} {H)A T {z - X)1 {X} {H) = 0, 

we get the required result. □ 

Corollary 7.14. Let H be a self-adjoint operator on the Krein space H and let 
I C (3(H). Assume that for some J a I we have Hj(H) > and that there is a 
number a > and a compact operator K such that 

tj{H)H'tj{H) > alj(H) + K. 

Then the point spectrum of H in J is finite and consists of eigenvalues of finite 
multiplicity. Moreover, if X £ J is not an eigenvalue of H and b < a then there is 
a compact neighborhood I of X in J such that 

h(H)H'li(H) > btr(H). 

Proof. The range of \j(H) is a Hilbert space (for the induced Krein structure) 
stable under H, so the usual proof (see e.g. |M2p applies. □ 

We shall need one more technical fact for applications in Section [3] We write S ~ T 
if S, T are operators and S — T is compact. Recall that C a (A) C C^(A) for a > 1. 

Lemma 7.15. Assume H £ C\(A). Let Hq be a second operator (not necessarily 
self-adjoint) of class C^(A) such that (H — z)~ l ~ (Hq — z)^ 1 for some z € p(H) n 
p(Hq). If Hq admits a smooth functional calculus on J then for any tp G C^°(J) 
we have ip(H)H'tp{H) ~ p(H )H'^(H a ). 

Proof. Let R = {z — if) -1 , Ro = (z — ffo) -1 , an d f z as above. Then 

<p{H)H'ip[H) - <p[H )H' ip[H ) = ip z (H)R'cp z (H) - p z (H )R' p z (H ). 

The operator R' — R' is compact as norm limit of compact operators, using that 
H, H € C^(A), and <p z (H) — <p z (H ) is compact by a standard argument. □ 
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8. KLEIN-GORDON OPERATORS 

In this section we discuss various Krein spaces and operators on them associated 
to the following abstract Klein- Gordon equation: 

(8.1) d?4>{t) - 2ikd t 4>(t) + h<f){t) = 0, 

where <f> : R — > TL, H is a Hilbert space and h, k are self-adjoint, resp. symmetric 
operators on Ji. 

We first introduce an abstract setting which allows one to treat in a unified way the 
charge and energy versions of the Klein-Gordon operators. We then study in details 
the functional calculus of the free Klein-Gordon operators, which corresponds to 
the case k = in (|8.ip . Finally we introduce some abstract conditions under which 
a Mourre estimate can be shown for the charge Klein-Gordon operator. This section 
is somewhat complementary to our paper |GGHlj . where resolvent estimates for 
energy Klein-Gordon operators are obtained, although the method to obtain a 
Mourre estimate is quite different. 

8.1. Notations. We need some new notations and terminology. 
Linear operators 

We write / : X^VY if X, Y are sets and / : X -> Y is bijective. If X, Y, Z arc 
Banach spaces with X <zY <Z Z continuously and densely then to each continuous 
operator S : X — > Z we associate a densely defined operator S acting in Y, namely 
the restriction of S to the domain DomS* — S~ 1 (Y). We say that S is the operator 
induced by S in Y and use the same notation for S and S unless this abuse of 
notations leads to confusions. 

Scale of Sobolev spaces 

Let H be a Hilbert space with norm || ■ || and scalar product (-|-). We identify H 
with its adjoint space H* = % via the Riesz isomorphism. Let h be a sclfadjoint 
operator on H. 

We can associate to it the non-homogeneous Sobolev spaces 

(h)- s n := Domini 5 , (h) s n := {{h)- a U)\ s > 0. 

The spaces (h}~ s T-L are equipped with the graph norm ||(/i) s m||. We will use the 
notation 

(u|«), u e (h)- s H, v g (h) s H, s > 0, 
to denote the duality bracket between (h)~ s T~L and (h) s T-L. 

8.2. Quadratic pencils. We fix a Hilbert space H with H* = H and consider two 
operators h, k such that: 

{h is self-adioint on H, 
k G B((h) ^'H,'H) is symmetric. 

The unique continuous extension of k : % — > (ft,) 5% will still be denoted by k. 
We set also: 

h :=h + k 2 : (h)-in -> (h)iH, 

p(z) = h + z(2k-z) = h -(k-z) 2 : (h)-*H-> (h)iH for z G C. 
The map z <— > p(z) is called a quadratic pencil. 

Note that formally (f>(t) = e lzt cf> solves the Klein-Gordon equation (|8.ip iff p(z)<p = 0. 
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Obviously p(z) is also a well denned operator in B((h)~ 1 'H,'H) and B(W, {h)H). 
Moreover, the domain in % of the operator p[z) : {h)^^T-L — > (h)^'H is precisely 
(h)~ 1 'H ) i.e. (h)^ 1 'H = p{z)^ 1 Ti. Indeed, for u € {h)~^'H we have p{z)u = 
hu + z{2k — z)u and the last term belongs to T-L, hence p{z)u £ % if and only if 
hu g H. 

Clearly p(z)* = p{z) in B{{h)-*U, {h)*U). We shall prove below that this relation 
also holds for the operators in H induced by p(z) and p(z). 

Lemma 8.1. Assume (Al). Then the operator induced by p(z) in % is a closed 
operator and its Hilbert space adjoint is the operator induced by p(z) inH. In other 
terms, the relation p(z)* = p(z) also holds in the sense of closed operators in ~H. 
The following six conditions are equivalent: 

(1) p(z) : {h)- l U^U; (2) p{z) : {h)- l U^U: 

(3) p(z) : H^{h)H; (4) p(z) : H^{h)H; 

(5) p{z) : (h)~in -S- (h)iH; (6) p{z) : (h)~in -> (h)?H. 
In particular, the set 

(8.2) p(h,k) := {z G C | p{z) : (h)-iU-^(h)*H} = {z G C\p(z) : (h^H-^H} 
is invariant under conjugation. 

Proof. If we set t = ((2k - Q G B{{h)-^H,H) then I : (h)-$H -> U and its 
adjoint in U satisfies t D Q{2k - £) G B({h)~^U,U). In particular, £ and £* 
are /i-bounded with relative bound zero, hence there is a real number n such that 
PO + in)- 1 !! < 1 and ||f (ft-in) -1 !! < 1. From fr + ^ + m = (l+£(/i + in)- 1 )(/i + in) 
it follows that h + £ + in : H}^rl-L from which we get that (h + £ + in)* is a bijection 
from its domain onto T-L, see e.g. |Wei Thms. 4.17, 5.12]. 

Clearly [h + 1 + in)* D /i + ^* — in, and an argument similar to that already used 
implies h + t-in: {h^U^U. Thus (h + £)* = h + £* which means p(()* = p((). 

Now the equivalence p(() : (h)~ 1 W.^'H p(() : {h)~ 1 'H s ^'H is immediate (see 
again |Wej ) . If these relations hold, then p(() : H^^) 1 *}! because this oper- 
ator is the adjoint of p(() : (h)^ 1 H—>-H, and then by interpolation we obtain 
p(C) : (h)-iH^(h)iH hence p(() : {h)-^U^{h)^U. Reciprocally, if p(Q : 
(h)~' s 'H^(h}2'H then p(() : (h)~ 1 H—t'H because the domain of the operator in 
H associated to p(() : (h)~^H -t (h)iH is {h^U. □ 

In the sequel we will assume 

(A2) p(h, k) j£ 0. 

Let us state an easy lemma which allows to check (A2). 

Lemma 8.2. If (Al) holds and h is bounded below, then there is cq > such that 
{z : \hnz\ > \Rez\ + c } C p(h, k). 

Proof. Consider p(z) as a linear operator on "H with domain (h)^ 1 TL. Let c be such 
that h + c 2 > 1 and S = \\k(h + c 2 )~5||. For z = a + ib, a > 0: 

Rep(z) = h + b 2 - a 2 + 2ka 

> h + c 2 + b 2 - a 2 - c 2 - eta 2 - oT^k 2 

> (l-a- 1 S 2 )(h + c 2 ) + b 2 -a 2 -c 2 -aa 2 

For a = 5 2 this yields 

Rep(z) > b 2 - (1 + 5 2 )a 2 - c 2 > ci > 0, 
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if |6| > \a\ + cq for Co > 0. If we set p := p(z) then for all u <E (h)~ 1 H we shall have 

ci||w|| 2 < Re(u\pu) < hence ci||u|| < \\pu\\ and similarly ci||u|| < 

Since p is closed this implies p : (ft.) _1 'H^>'H. □ 

8.3. Spaces. The following two spaces play a fundamental role in what follows: 

(8.3) £ := (h)-in®H and £* := H © (h)*H. 

One often calls £ the energy space. Observe that £ C £* . As decided in Subsect. 
12.11 the space £* is identified with the adjoint space of £ with the help of the 
scsquilinear form: 

(8.4) (u\v) = (u \v 1 ) + (u 1 \v ), for u =(£) G £*, 
usually called the charge. 



We identify £** = £ as in the Hilbcrt space case by setting (v\u) — (u\v). This 
allows us to speak about symmetric or positive operators S : £ —> £* . 

Observe that we have dense and continuous embeddings £ C H © % C £* and the 
identification of £* with the adjoint of £ is determined by the Krein structure of 
T-L®T-L exactly as in the case of Fricdrichs couples in the category of Hilbert spaces. 
Note however that H © H is not an interpolation space between £ and £* if H is 
infinite dimensional (see below). In any case, by complex interpolation we get for 
any < a < 1: 

(8.5) [£,£% = (h^-^^HQihy^H, 

so we cannot obtain H © % in this way. We define the charge space of order 9 for 
< 9 < 1/2 by 

(8.6) K B = (h)- e n® (h) e n. 

Then £ C ICg C £* strictly and two such spaces are not comparable (if % is infinite 
dimensional, which is implicitly assumed in all this work) . Observe that the middle 
space defined by complex interpolation 

(8.7) [£,£*} 1/2 = (h)- 1 / 4 'H®{h)V 4 H 

equals K.i/4 and we shall see that it plays a remarkable role in the theory. If 9 ^ 1/4 
then 1C$ is not an interpolation space between £ and £*: in Remark 18.141 we give 
examples of bounded operators on £ * which leave £ invariant but not ICg if 9 ^ 1/4. 

Since ((h}~ e, H)* = {h} e, H, the spaces (Kg, (■]•)) are examples of Krein spaces as in 
Subsect. ET31 



Below, when we speak of self-adjointncss of operators in Kg, we refer to this Krein 
structure. 

Since £ C £*, the scsquilinear form (-|-) restricts to a hermitian form on £ . Note 
however that (£, (■{■)) is not a Krein space, since (-|-) is not non-degenerate on £. 

8.4. Operators. It is easy to extend the relations from Subsect. 13.41 to the present 
setting. For example, since we think of elements of £ as column matrices, we may 
represent operators £ — > £* as matrices of operators: 

ae B((h)-?H,H), beB(H), 

c G B((h)-iH, (h)iH), d G B(U, (h^U). 

A computation gives S* = ( d . b . ) hence S is symmetric if and only if 



c d 



with 



a b \ ,, f a€B((h)->H,H), b = b*eB(H), 

b = I * ) with < 

[c = c* G B((h)~^H, (h)iH), d G B(H, (h)*H). 



c a 
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Lemma 13.61 also has a natural version in the present context. 

We may view any S G B(£, £*) as operator on £* with domain £, hence its resolvent 
set and spectrum are well defined. More precisely, the resolvent set p(S) of S is 
the set of z G C such that S — z : £ — > £* is bijective and the spectrum of S is 
a(S)=C\p(S). 

8.5. Klein-Gordon operators. The Klein- Gordon operator is the continuous map 
A : £ — > £* defined by 

(8.9) K=( i I) hence K ( U ° ) = ( h ku ° + ^ ) . 

\ h k J \ ui J \ h u + kui J 

Formally we see that if cj>(t) is a solution of (|8.1[) and we set 

< 8 ' 10 > /(^(r^f/'-^m)- 

then f(t) = e ltK f(0), hence A (or more precisely some of its restrictions) is the 
generator of the group associated to (|8.1[) for the parametrization (|8.10[) of Cauchy 
data. The choice (|8.10[) is natural when one wants to emphasize the symplectic 
aspect of the Klein-Gordon equation (|8.1I) . 

From (|8.8[) it follows that A is a symmetric operator and that for all u G £: 

(8.11) (u\Ku) = (u \h u ) + \\ui\\ 2 + 2Rc(/su |mi) = (u \hu Q ) + \\ku Q + m || 2 . 

Note that we may, and we shall, think of A as closed densely defined operator in 
£* . There is no a priori given Krein structure on £* but various charge and energy 
Klein-Gordon operators will be obtained as operators induced by K in Krein spaces 
continuously embedded in £*. 

Proposition 8.3. Assume (Al). Then p(K) = p(h,k) and if z G p(K) we have: 

(H\2) (K- zV 1 - R-(z)- ( p{z)~Hz-k) p(z)- 1 \ 

(S.izj (A z) -%^-^ 1 + ( z _^ z j-i( z _^ (z-k)p(z)- 1 ) ■ 

Proof. We shall prove that A - z : £^£* <^> p(z) : (/i)^?<^(/()5?{ and if these 
conditions are satisfied then we shall justify the formally obvious relation (|8.12[) . 
Assume first p{z) : (h)~^T-L^(h) ^T-L. Set q = p(z)^ 1 , £ = k — z, and let G be the 
right hand of (|8.12[) . so that 

This clearly defines a continuous operator £* — > £ and a simple computation gives 
(A' — z)G = 1 on £* and G( A — z) = 1 on £. So G is the inverse of A' — z : £ —>•£*. 

Reciprocally, assume that A — z : £^£* . If uq G (h)~^H and ui = — £uo then 
?ii G T-L and /lo^o + = {ho — ^ 2 )uo = p(z)uq hence (A — z)( ^° ) = ( p ( z °)„ )• Thus 
if p(z)u = then (A - z)(^ ) = and so u = 0. Hence p(z) : {h)-?U (h)?U 
is injective. Now let v\ G (Kjz'H. Since (A — z)£ ~ £* and ) G £*, there are 
iio G {h)~^l-L and «i e H such that (A' — = ( °. ), or £uo + iti = and 

^o u o + (ui = vi, hence p(z)uo = v\. This proves that p{z){h)^^'H = (h)il-L and so 

p(z) : (h)-in^(h)^n. □ 

We now realize the Klein-Gordon operator as a closed densely defined operator in 
other Banach spaces. 
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Proposition 8.4. Let C be a Banach space such that £ C £ C £* continuously and 
densely. The operator L induced by K in £ is the restriction of K to Domi = {u G 
£ | Ku G £} considered as operator in £. This is a closed densely defined operator 
such that p(L) D p(h, k) and Rl{z) '■= (L — z)^ 1 = R^{z)\L for any z € p(h, k), 
in particular DomL = R^{z)C for any such z. 

Proof. If u G £ C £ and z G p(h, k) then Ku G £ if and only if (K — z)u G C hence 
if and only if u G (K — z)~ 1 £ = R^(z)C. Since R^(z) is a continuous surjection 
and £ is dense in JC* , the space DomL is dense in £ , which is dense in £, hence 
DomL is also dense in £. By the closed graph theorem, the restriction of R^{z) to 
£ is a continuous operator in C, so L is a closed densely defined operator in C. □ 

Let us now discuss several natural operators obtained from Prop. 18.41 for various 
choices of £. 

The largest possible choice of £ is £ = £* . In this case the operator L equals K. 
When we want to stress that we look at K as closed densely defined operator in £* 
we denote it by LT max . 

We have K = K if we consider K as an operator £ — >• £* but as we shall sec below 
LT m i n = K* a&K is a quite different object. 

The smallest possible choice of £ is £ = £ . We shall denote K m - ln the operator 
induced by K in £. Note that 

L-min G L G LT max , 
for any realization L of the Klein-Gordon operator. 

In the next proposition we describe explicitly the domain of A' m i n , its resolvent set, 
and we compute its adjoint. Recall that we identified the adjoint space of £ with £* 
with the help of the sesquilinear form (|8.4[) . In particular, if S is a closed densely 
defined operator in £ then the domain of S* is the set of v G £* such that the map 
u i y (Su\v) is continuous for the £-topology and then S*v is the unique w G £* 
such that u H> (Su\v) = (u\w) for all u G DomS*. 

Proposition 8.5. Assume (Al), (A2). Let K m - m be the operator induced by K in 
£. Then K* uin = K max , p(K min ) = p{h,k) and 

(8.14) DomA min = {(Jg ) | u G (h^n, m G H, ku Q + u x G {h)-^U} 

Proof. We denote by T> the right hand of (|8.14p and first prove DomA' m i„ = T>. 

We have u G DomLT m i n if and only if u G £ and Ku G £, i.e. kuo + u\ G {h)~^Tl 
and hgUQ + kui G %. These conditions are satisfied if u G T> because hgUQ + kui = 
huo+k(kuo+ui) and huo G H, k(kuo+ui) G TL. Thus T> C DomLT m i n . Reciprocally, 
if u G DomLT m i n then /iuo = h^u® — k 2 ug = (hgUo + ku±) — k(kuo + u±) belongs to 
"H, hence uq G H 1 . This proves that DomLT m j n C T> hence (|8.14[) is true. 

Next we prove K^ in = K max . For any u G DomLT m i n and v G £ * we have 

(Ku\v) = (ku + ui\vi) + (h u + kui\vo). 

If v G £ = DomK max then it is clear that the right hand side is continuous for the £- 
topology and the right hand side above is just (u\K max v) . Therefore K max C -f^mm- 
Reciprocally, we would like to show that 

(8.15) \(K min u\v)\ < C\\u\\ e , VuG DomL min 

implies v G £. Fix z G p(h,k) and let R = R^(z). Then (LT m i n — z)^ 1 = R\g by 
Prop. EH Note that (|8.15|) is equivalent to 

\((K - z)u\v)\ < C'\\u\\ £ ,V u G DomA min , 
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for some constant C and this is equivalent to 

\{w\v)\ = \((K - z)Rw\v)\ < C'\\Rw\\ £ , V w G £. 

But R : £ * — > £ is continuous, so we obtain |(w;|w)| < C"||u;||£» for all w £ £. Since 
£ is dense in £* we see that (-\v) extends to a continuous form on £ *, hence v 6 £. 

Finally, we have p{K min ) = p(A' max )* = p(h, k)* = p(h, k). Q 

Corollary 8.6. If (Al) holds and if h is bounded from below then K m - m and A max 
are generators of Co-groups. 



Proof. Since A* lin = K max it suffices to consider the case of K m i n . The rest of the 
proof is a variation on the proof of [Kj Thm. 3.2]. First we show that it suffices 
to assume h > 1. Indeed, if c is a number such that h + c > 1 and if we replace 
everywhere h by h + c then /iq gets replaced by ho + c and we have 



K 



k 1 \ _ / 
h Q + c k J c 



Since the last term is a bounded operator, it suffices to show that the first term 
on the right hand side is a generator of Co-group. So from now on we may assume 
h > 1. Then G p(h, k) and due to (|8.12j) we have 

! _ / -h^k h- 1 
min ~ v 1 + kh- l k -kh- 1 

We know that this is a bounded operator on £. On the other hand, it is easy to 
check that the "energy" hermitian form (u\Ku) = (ito|/iito) + ||fcuo+ w i|| 2 introduced 
in (|8.11|) is an admissible scalar product on £, i.e. £ equipped with this form is 
a Hilbcrt space. Since (u\KK~l n u) = (u\u) G R, the operator K~^ n is symmetric, 
hence K m i n is a self-adjoint operator on this Hilbert space. 

Another case of interest is C — K.g, < 9 < i, which we now discuss. 

Proposition 8.7. Assume (Al), (A2). Let Kg be the operator induced by K in 

the space K,g defined in (|8.6[) . Then 

(8.16) 

Donxfr'e = {($) | u G (h)~^n, Ui £ H, kuo+m G (hy e H, hou +k Ul G 
Moreover Kg is self-adjoint on the Krein space (ICg, (■{■)) and p(Kg) = p(h,k). 



Proof. If vo G wi G and ( ^ ) := R^{z)(Z° ) then, with the notations 

of the proof of Prop. 18.31 we have £uq + m = vo and hoUo + lu\ = v\ hence ( „° ) 
belongs to the set T> defined by the right hand side of (|8.16p . Thus R^(z)JC C T>. 
Reciprocally, if uq, Ui arc as in (I8.16|) then ( ) := (K — z){ "J ) belongs to K.g and 
R k (z)(vl) =("?), thus V C R k {z)V. This proves (|836]t . 

To prove the self-adjointness of Kg it suffices to show Rk„(z)* = Rk 6 (z) for some 
z G p(h,k), which is not empty, by (A2). But this is obvious, see the line before 

(EH). 

Since by Prop. I8.4l we know that p(h, k) C p(Kg), it remains to prove that p{Kg) C 
p(h,k). Assume that Kg — z : DomKg^-ICg and argue as in the proof of Prop. 
18.31 We first show that p(z) : (h)^^T-L —¥ (h)^H is injective. If uq G (h)~2% and 
p(z)uo = set u\ = —£uq. Then u\ £% and 



h u + lu\ = (ho - £ 2 )uo = p(z)u = 0, 
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hence (K - z)( %° ) = 0. Also: 

ku a + u\ = Iuq + u\ + zu = zu G (h)~^H C (h)~ H, 

houo + ku\ = hollo + lu\ + zui = zu\ £Hc (h) "H. 

Thus ( u° ) € DomA'g and (Kg — z)(u° ) = 0, so ito = 0. This proves the injectivity 
of p(z) : (h)~2% —> (h)^%. In particular, p(z) : — > H is injective. 

According to Lemma 18.11 it remains to prove that this map is also surjective. Let 
v\ G H. Since (Kg — z)DomAfe = JCg and (jJgJCj, there is u € DomATg such that 
(Kg — z)u = ( y t ), hence Iuq + u\ = and hoUo + lu\ = vi, thus p(z)uo = V\. But 
p(z) — h — z 2 + 2zk hence hug = Vi + z 2 uq — 2zkuo € W so uq g (h)~ 1 'H. Thus 
p(z)(h)- 1 H = H. □ 

Remark 8.8. As explained before, we have AT m i n C A'g C AT max for any < 6 < h 
and the spectrum of all these operators coincide. But for 8 = 1/4 we have more: 
from (|8.7p it follows that in this case the operator K1/4 is obtained by interpolation 
of order 1/2 between AT m i n and K max = AT* lin (in resolvent sense). In particular, 
these operators should have similar spectral properties and functional calculus, fact 
which will be confirmed by later developments. 

8.6. Charge and energy operators. The self-adjoint operator Kg in the Krein 
space ICg will be called charge Klein-Gordon operator, although this terminology 
is often reserved to the case 6 = 1/4. 

If 4>(t) is a solution of (18. ip and we set instead of (|8.10[) : 

<f>(t) 



(8.17) /(f) = 

then formally /(f) = e it6 f(0) for 

H = 



1 

h 2k 



The choice (|8 . 1 T[) of Cauchy data is the standard one in the PDE literature and 
is convenient when one wants to emphasize the energy conservation of the Klein- 
Gordon equation (18. ip . 

We now show that the operator Af m i n is isomorphic to the usual energy Klein- 
Gordon operator H , which is the realization of H on £, so we could say that K^^ 
is the energy Klein- Gordon operator in the charge representation. 

Note first that if a : (h)^^T-L — > % is a continuous symmetric map then the operator 
$(a) = (\\) is a well defined continuous map £* — > £* which leaves £ invariant. 
Thus $(a) is an isomorphism £* — > £* with $(— a) as inverse, which clearly implies 
that &(a) : £ — >• £ is also an isomorphism. Observe that '3? (a) is symmetric when 
considered as operator £—>£*. 

Set $ = $(fc). Then 

is a continuous (not symmetric) operator and $A' = H<&. 

The usual energy Klein- Gordon operator H is the closed operator in £ induced by 
H. Clearly 

Domif = (Wj^U ® (h)~in and ^A^n*" 1 = H. 

where $ is considered as an automorphism of £ . Thus we immediately get p(H) = 
p(h, k) and, more generally, AT m i n and H have the same spectral properties. 
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Assume now that £ p(h,k). According to Lemma [8.11 this is equivalent to h : 
{h)~^%^(h)%'H hence (° J) : £^£* . Then £, equipped with the form 

(8.18) (u\v) e = M(gS)u) = (u \hv ) + (u^vt) 

is a Krein space. It is easy to check that H is self-adjoint on (£, (•\-)e). Indeed, we 
have £ p(H) = p(h, k) and H _1 = ( k h Q ) is a bounded symmetric operator 
because (u\H~ 1 u)£ = 2Rc(u \ui) — 2(u \u ). 

This is the usual energy Klein-Gordon setting. We now express it in the charge 
representation, i.e. in terms of the operator K mm . Since : £ — > £ is an 

isomorphism which intertwines E and K m i n we see that the energy Krein structure 
on £ is given by (|8.11[) and that K ni i n is self- adjoint for it. 

8.7. Free operators. We now discuss the free operators 

obtained for k = 0. In this case ho = h and we will formulate the various results 
below in terms of ho- 

Denote by Lq any of the operators i£o,min and Ko.e induced by Kq in £ and Kg 
respectively. Note that the operator -fTo.max has the same properties as i^o.min 
because K , max = (K 0>iain )*. 

Lemma 8.9. Set cr±(ho) := cr(ho) CiM.^ and Rh (z) := (ho — z)^ 1 . Then: 

(8.19) a(L ) = (a + (ho) 1/2 ) U ( - a + (h ) 1/2 ) U (i\a_(h )\ 1/2 ) U ( - i|MM| 1/2 ), 



Rl (z) = 



zR ho (z 2 ) R ho (z 2 ) 
l + z 2 R ho (z 2 ) zR ha (z 2 ) 



(8 ' 20) ( zR ho (z 2 ) Rh () (z 2 ) \ , 

- [h R ho (z 2 ) zR h0 (z 2 ) )-(Lo + z)R ho (z). 

Proof. By Props. 18.51 and 18.71 we have cr(Lo) — {z £ C : z 2 £ a (ho)}, which 
implies (Qfl . Then (|5^D)l follows from 

(L - Z)(Lq + z) = L\ - z 2 = h - z 2 , 

where ho is identified with the diagonal matrix having ho on the diagonal. □ 

Remark 8.10. Note that the resolvent of the operator Ko.o has a rather unusual 
behavior: if ho is positive and unbounded and if we equip JCq = H © H with the 
Hilbcrt direct sum norm, then (|8.20J) implies ||i2jc 0i0 (z)|| > \\hoRh (z 2 )\\ > 1 Vz. 



We now compute f(Lo) for entire functions ip by using the relations 

L? = ( h ( h \) and !*«-( J« "fVn.N. 
If (/j(z) = J2 n >o a nZ n and if we define 

(8.21) <p c ( Z ) = \{<p{Vz) + <p(~Vz)) = E„>0«2«^"> 

(8.22) <p s (z) = ^(^(Vi) - ?(->/£)) = E„>o«2„+i^ 1 

then by working with the set of entire vectors of the self-adjoint operator ho in H 
we obtain 



.23) ip(Lo) 



(p c (ho) ip s (h ) 
h <p s (h ) (fi c (h ) 
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For example, if ho = £ for some operator e, not necessarily self-adjoint, then 



.24) e 



itio 



cos(te) ie 1 sin(te) 
iesin(te) cos(te) 



Let us now assume ho = e 2 for e > 0. Then a(Lo) = n(e) U — er(e) and (|8.23[) 
becomes 

( y(e)+y(-e) y(e)-y(-e) \ / l p + f e \ (p {£) / s 

c y(e)-y(- E ) J = \ <P-(s)e <p+(e) 

where 

cp±(x) = (ip{x) ± <p(-a;))/2, 
are the even and odd parts of the function p. The value of {p>{x) — p(—x))/2x at 
x = is (p'(0) by definition. 

We now discuss bounds for the Borel functional calculus of Lq. 

The bounds in the case of ifo.min and -Ko.max arc of a different nature than those 
for Kofi (unless 9 = 1/4). We introduce the following spaces A, Ag of bounded 
Borel functions. Recall that <p± denote the even/odd parts of cp. 

Definition 8.11. We denote by A, resp. Ag, the spaces of Borel functions ip : R — > 
C such that: 

(8.26) IMIa := sup \p(x)\ + sup \ip-(x)/x\ < oo, 

xSR x>0 

resp. 

(8.27) \\p\\ Ae := l^llA + supl^^/x-l+supl^^Ka;)! 46 - 1 ! < oo. 

x>0 161 

Note that A 1 / i = A. 

Lemma 8.12. Assume ho = e 2 for some e > 0. Then there is a unique linear 
map A 3 ip i-> (p(K ,min) £ B{£) such that cp(K , m in) = (-Ko.mm - z)" 1 if p(x) = 
(x — z)" 1 with z ^ R and such that the following continuity property is satisfied: 

if cp n is a bounded sequence in A with p n (x) — > p{x) for each real x, then y n (-Ko,min) - 
¥>(-Ko,min) weakly. 

The map A 3 cp n- p(Ko. m hi) £ B(£) is an algebra morphism and (I8.25|) holds. 
Moreover: 

(8.28) \\p{Ko Mm )\\ B(£) < C|M|a, C > 0. 

Lemma 8.13. Assume ho = e 2 for some e > 0. TTien £/iere is a unique linear map 
Ag 3 p h->- ip(K fi) £ B(JCg) such that ip(K fi) = (Ko.e — z)^ 1 if p{x) = (x — z)" 1 
with z (ji R and suc/i i/iai i/ie following continuity property is satisfied: 

if p n is a bounded sequence in Ag with p n {x) — > <p(x) for each real x, then 
tp n (Ko,e) -> <p(Ko,e) weakly. 

The map Ag 3 ip n- tp{Ko t e) £ B(JCg) is an algebra morphism and (|8.25[) holds. 
Moreover: 

(8-29) \\cp(K ,g)\\ B(Ke) <C\\cp\\ Ae , C>0. 

Proof of Lemmas \8.12[ \8.1S\ For later use we note the following easy facts: 

(8.30) sup \p{x)\ ~ sup |y>+(x)| + sup |<y9_(x)|, 

xes. x>o x>o 

su Pa; > \{x)cp_(x)/x\ + sup a; > |x<£_(x)/(x)| 

(8.31) 

~ sup x >o \<P-(x)\ +sup x>0 \ip-(x)/x\, 
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suPzX) \{x) i0 ^-{x)/x\ + sup x>0 \x(p-(x)/(x) 40 \ 

(8.32) 

~ su P*>o \<P-(x)\ +sup x > \(p-(x)<p-(x)/x\ +sup x > \(xy 4e ^(p-(x)\. 

Let us first prove Lemma 18.121 We consider on £ the admissible norm defined by 
|| it || £ = || (e)uo|| 2 + ||ui|j 2 . The diagonal matrix with coefficients (e) and 1 is an 
isometric bijection £ — s- /Co = H ffi H. It follows from f|8 . 25[) that if ip is an entire 
function, bounded on K, the norm of the operator yj(-Ko.min) in £ is equal to the 
norm in /Co of the operator 

(s) OW V+ {e) <p_(e)/e \ ( (e)- 1 
1 ) \ p_(e)e y + {s) ) \ 1 

<P+{e) {e)<P-( £ )h 
ip-(e)e/{s) ip + (s) 

with a convention as stated above for <y9_(0)/0. Hence there is a number c > such 
that 

(8.33) c\\(p(K 0tmin )\\ £ < sup\ip + (x)\ +sup|(a;)^_(a:)/x| + sup \x<p-(x)/(x)\. 

x>0 x>0 x>0 

Applying (|8 . 30[) . (|8.31[) we obtain (|8.28|l . We extend the functional calculus from 
entire functions in A to Borcl functions in A in the standard way. 

To prove Lemma l8.13l we argue similarly, introducing the compatible norm = 
||(e) 2e zio|| 2 + || (e)~ 29 ui\\ 2 on Kg. The diagonal matrix with coefficients (e) 26> and 
(e) _2e is an isometric bijection Kg — > /Co- Hence the norm of ip(Ko^g) in /C is equal 
to the norm in /Co of the operator 

(e) 2e \ / <p+(e) y-{e)/e \ ( (e)-™ 
(e)-™ J { p_( e ) e <p+(e) J { (ef 6 

<p+(e) {e) ie ^{e)/e 
<P-(e)e/(e) 4e <p + {e) 

Thus there is a number c > such that 

(8.34) c\\p(K , 6 )\\ K < sup \<p+(x)\ + sup (x)/x\ (x) 40 + sup \x(p-(x)\/ (x) 4e . 

x>0 x>0 x>0 

Using (|QD) . (jQ2")l we obtain flOg) . □ 

Remark 8.14. If e is not bounded we see that the lack of regularity at infinity 
of the function (f(x) = c ltx makes e ltK °' B unbounded if t ^ and 9 ^ 1/4. This 
fact also allows us to show that the spaces Kg with 0^1/4 are not interpolation 
spaces between £ and £*. Indeed, if t ^ then c ltAmax is bounded in £*, leaves 
£ invariant and induces there the bounded operator e ltifmin . It induces in K the 
densely defined operator e ltKa > e which is unbounded if 9 ^ 1/4. 

Remark 8.15. One may clearly give sense to the right hand side of (|8.25[) as a 
closed densely defined operator for a large class of functions ip and so to give a 
meaning to ip(Lo) as (unbounded) operator. For example, if e > then 

1 ( 1 ie" 1 \ 
(8-35) l H± (Lo) = -f ±e 1 J=:H ± 

and these are the spectral projections of Lq corresponding to the half lines R 1 * 1 . By 
the preceding lemmas or by a simple direct argument the operators 11 R ± (AT,j lin ) are 
bounded operators on £ if and only if inf e > while the ljj± (Ao.e) are bounded 
operators on ICg if and only if inf e > and 9 = 1/4. In any case, the H± are 
projections (i.e. = n±) such that n + n_ = n_n + = and n + + n_ = 1 at 
least on dense domains. It is easy to check that t R +(K ,g) > and l K -(i^o,e) < 
(by Lemma 13.61 in the bounded case and a direct argument in general) . The case 
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of II + = l M +(K 0: e) for 6 ^ 1/4 (e.g. let 9 = and infe > 0) is particularly 
interesting: this is a positive self-adjoint operator on K, which is an (unbounded) 
orthogonal projection whose resolvent set is empty. Indeed, for any z ^ 0,1 the 
operator z(n+ — z)^ 1 = (1 — z)~ 1 Tl + — 1 is not bounded. 

It is easy to compute the boundary values of the resolvent and the "spectral mea- 
sure" of Lq. From (|8.20p we see that if A > then, in the sense of distributions, 

rs ^ /? (\ + \u\ - ( XRh " ^ + i0 ) Rh <> ^ + i0 ) 

(8.3b) K Lo {A + iU)-\ ,„ ( \2,:n\ \u. i\2 



while if A < then 

(8.37) i? Ln (A + iO) = 



M4 (A 2 + iO) Ai? /lo (A 2 + iO) 

Ai? /lo (A 2 -iO) i? /lo (A 2 -iO) 
h R ho {X 2 -iO) Ai?, lo (A 2 -iO) 



Recall that, if S is a self-adjoint (in the usual sense) operator with resolvent Rs 
and spectral measure Es then 

E's(X) = ^t(^s(A + 10) -R S (X- i0)) 

by which we mean <p(S) = J ip(X)dEs{X) = J tp(X)E' s (X)dX where the second equal- 
ity holds in the sense of distributions for smooth <p. If S > (i.e. S > and is 
injective) then we get: 

/ ^(A)^(A 2 )dA = / ^^X^E's^dX 

= ^rrMS 1 ' 2 ) = / <p(X)E' sl/2 (A), 
which can be written 

E 's( x2 ) = 2 ,gi/2 £ s 1 / 2 ( A ) = ^ jB s 1 /2(A). 
By using this in (jOB]) and ([OT1) we get for A > 0: 

(8 - 38) &L ° W ~ { h E> ho (X 2 ) XE> ho (X*) )-2{eE>(X) E>(X) J 

and 

(8.39) 

-XE' ho (X") E> ho (X2) \_lf E' S (X) s-^E>(X) 



E ' L ° {X) - { hoE^X*) -XE> ho (X2) J 2\-sE' £ (X) E>(X) 

8.8. Conjugate operators for Kg. We now construct conjugate operators for the 
free and total Hamiltonian. The treatment is cleaner for the charge Klein-Gordon 
operators Kq^, Kg because they are self-adjoint for the same Krein structure so we 
concentrate on this case. 

Several types of conjugate operators can be considered in this context, here we shall 
work only with those of scalar type. To be precise, operators of the form S = s © s, 
i.e. diagonal matrices S = (q °), will be called scalar operators. We use the same 
notation for an operator s in (h) 0, H which leaves {h)~ e T-L invariant and the diagonal 
operator S = s © s in ICg . 

We introduce the assumptions: 

e is a positive self- adjoint operator on %, 
k : Dome — ► H is compact and symmetric as operator in Ji. 



(E) 
(M) 



a is a self-adjoint operator on H such that e lta Dome C Dome for all t e 
e and k considered as operators Dome — > T~L are of class C^(a). 
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If (E) holds the quadratic form e 2 — k 2 on D(e) is closed and bounded from below. 
If h is the associated self-adjoint operator, h is bounded below and its spectrum 
is discrete below infe 2 . As before, we set ho = s 2 and we have (ft-) _1 / 2- H = 
(h )-^ 2 H = Dome. This implies (h) s H = (e) 2s H for \s\ < 1/2. 

In particular (Al), (A2) of Sect. 18.21 are satisfied, by Lemma 15721 

If (M) holds e lta induces a Co-group in Dome hence in all {h) a U with \a\ < \. This 
gives a meaning to the regularity condition on e and k. As before we use notations 
like e' := [e, ia], etc. 

Our purpose is to study the self-adjoint operators 

(8.40) J) and K e = ( * \ 

acting in the Krein space ICg. The conjugate operator will be 

a 



A := 



a 



Clearly A is the generator of the Co-group of scalar operators e ltA = e lta © e ita on 
ICg. More generally: 

Lemma 8.16. Let A = a © a. Then c itA = c ita © e lta is a Co-group on £* which 
leaves invariant the spaces £ and K, and induces Co-groups on them. The Krein 
structure of K-e is of class C 1 (A) . 

In fact e ltA is unitary on ICe, i.e. we have (e ltA u\e ltA v) = {u\v} for all u,v € Ke. 

The resolvent of Kg is the restriction of the resolvent R^(z) : £* — > £ explicitly 
described in (|8.12[) and it is easier to work with R^z). Here and below z is a fixed 
point in p(h, k) fl p(ho, 0). Note that K — Ko = ( o k ) : & ~~ ^ £* ^ s compact hence 
Rk(z)—Rk (z) : £* — > £ is a compact operator too. In particular Rk b (z)~Rk e (z) 
is a compact operator on ICg. 

Lemma 8.17. Kg and Kofi are of class C^(A). 

Proof. It suffices to prove the stronger property that the map 



3 M e ltA R k {z)e~' ltA g B{£\£) 



is norm diffcrentiable. If we set K(t) = e ltA Ke~ ltA , this is clearly equivalent to 
the norm differentiability of t i— > K(t) G B(£,£*). But this is obvious because 
if h t — c~ lta he lta and kt is defined similarly, then we have K(t) = ( ** £ ) and 

h t , kt clearly are norm diffcrentiable when considered as B((h)~^y., {h)^'H) valued 
functions. □ 

We saw before that K ,e > and a(K 0y e) = cr(e) U a(— e). Our first purpose is to 
construct o such that A be conjugate to Ko t e on some subsets of its spectrum. Our 
choice of A docs not seem convenient because 



(8.41) [K ,eM} = 





[e 2 ,ia] 



but the restriction to positive or negative energies of this commutator satisfies the 
Mourre estimate. It is here that positivity properties of functions of Kofi with 
respect to the Krein structure of ICg will play a role. 

Lemma 8.18. Let tp G A e with ip>0. If <p(\) = for A < then <p(K fi) > 0. If 
tp{\) = for A > then <p{K Q fi) < 0. 
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Proof. In the first case we obtain from (|8.25l) 

« m2 » ^»'-K^) Iff) 

while in the second case we get 

< 8 -«> 

and Lemma gives the stated results. □ 

Remark 8.19. By using the "spectral projections" II± = l K ±(7Jo) associated to 
the intervals R ± discussed in Remark 18.151 we see that the operator H$ is "scalar" 
on each of the regions A > and A < in the following sense: if <p is a bounded 
function with compact support in one of the regions A > or A < then 

(8.44) H Q n ± = ±eIL± and <p(H ) = (p(H )IL± = if(±e)U± 

This is a simple computation based on (|8.42[) and (|8.43|) . Note however that the 
second equality above is also a direct consequence of the first one, i.e. the explicit 
relations (|8.42p and (|8.43[) are not really needed. 

Remark 8.20. If inf e > and 9 = 1/4 then H± are bounded orthogonal pro- 
jections on JC 1/A with n+n_ = n_n+ = 0, n+ + II_ = 1, and ±II ± > 0. Then 
JC± = ±H±JCi/4 are Hilbert spaces (the minus sign means that we change the 
sign of the scalar product), we have /C1/4 = /C+ © JC- topologically, and the op- 
erator -Ko,i/4 leaves K.± invariant and induces there self-adjoint operators in the 
usual sense. But the operators e itA do note leave invariant this direct sum if the 
commutator [-Ko,i/4; iA] is not trivial. 

Lemma 8.21. Let <p, ip e Cq°(]0, 00 [) with (pip = (p. Then 

p(Ko.e) = <p(K 0t e)il)(e) = ip{e)ip(Ko t (f), 

and 

(8.45) ip(K ,g)[K 0t g,iAMKo,e) = y{K Qfi )il>{e)e'^{e)(p{K ofi ). 
Proof. Clearly 

<p(K ,e) = <p(Ko, e )ip(Ko,e)n + = (p(K ,e)H + ip(e) = <p(K ,eMe). 
Then the left hand side above is 

ip(K Ot 0)K o ,eiA(p(K o ,e) ~ ip(K ,e)iAK ,e<p(Ko,e) 
= <p(K O! 0)^(e)siai/}(e)(p(K Oi d) - (p(K 0i g)ip(e)iaeip(e)(p(K 0> g), 
which is equal to (p(K fi)ij(e)[e, ia]tp(e)f(K fi). □ 

Lemma 8.22. Assume that 1[/(e)£'1j/(£') = 0(e) l;y (e) for some open set U C K + 
and some <f> € Co(]0, oo[). Then 

<p(K e )K e <p(K e ) ~ <p(K )<f>(Ko)<p(Ke), G C?(U). 

Proof. Due to Lemma 17.151 we have ip(Kg)K' g ip(Kg) ~ (p(K 0t g)K' g ip(K 0t e). Let 
if) € Cfi°(U) such that (pip = (p. Then Lemma \8 . 2 1 1 implies 

<p(K )K e <p(K e ) ~ cp(K ,eMe)e'ip(e)cp(K .e) 
= ip{K ofi )ip{e)(j>{e)^{e)ip{K ofi ) 
= tp(K ,e)<i>(Ko,e)<p(Ko,e) 
~ (p(Kg)(f>(Kg)<p(Kg). □ 
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In the next proposition, we prove a Mourre estimate for Kg, assuming that Kg is 
definitizable. 

Proposition 8.23. Assume that (E), (M) are satisfied and that Kg is definitizable 
on ICg. Let J c]0, +oo[ be a compact interval with Lj(Kg) > 0. Assume finally that 

(8.46) l u {e)e't u {e)=(j>{e)\ u {e), 

with U c]0,oo[ open and some <p £ Co(]0, oo[), 4>(x) > on J. Then: 

(1) J contains at most a finite number of eigenvalues of Kg, 

(2) if X £ J is not an eigenvalue of Kg then there is a number c > and a 
neighborhood I of X in J such that 

h(Ke)MK' e )h(Ke) > <&i(K e ). 

Proof. If ip £ C§°(U) then from Lemma I&221 we get 

ip(K e )Re{K' e )<p(K e ) = Re{<p(K e )K g <p(K e )) 

~ Be(<p(Ke)<KK e )<p(K e )) = <p(Ko)4>(K e )<p(K e ). 
By taking ip equal to 1 on J we get 

h(Kg)Re{Kg)h(Kg) ~ 0(^)11^) > (inf 0)flj(#»)- 
Then we apply the virial theorem proved in Corollary 17. 141 □ 

8.9. Definitizability of charge Klein-Gordon operators. In Prop. 18.231 we 

assumed that Kg was definitizable. We state here a rather standard result in 
this direction, see (J2j, |LNT2j . Note that the condition a{e) below can be 
interpreted as (strict) positivity of the mass. 

Proposition 8.24. Assume (Al), (A2) of Sect.\KE and £ a(e). Then K 1/4 is 
definitizable on (IC1/4, {•]•))• Moreover the critical points of -K1/4 are eigenvalues. 

Proof. The result follows directly from [J2], provided we check the hypotheses there. 
Let us denote for simplicity /C1/4, i^o,i/4 an d ^1/4 simply by /C, Kq and X. Since 
g 1 cr(e), we can equip K, with the Hilbertian scalar product 

{u\v)k ■= (u \e^v ) + (ui\e^^vi), 

which induces the same topology on IC. Kq is self-adjoint for (-|-)ac, hence has no 
singular critical points (see |J2] for this notion). Moreover since \Kq\ — (5 °) the 
spaces H±i in jJ21 Sect. 1.2] are equal to (Kq^^H. In particular we have 

(8.47) Hi =£, H-i =£*. 

We have K = K + V, for V = (§ g). By (18~4T)) we see that V : Hi -> H_i is 
compact iff fc : (e)~ 1 H — s- H is compact, which holds by (E2). Therefore we can 
apply [J2] Thm. 3] to obtain the proposition. □ 

8.10. Examples. We now give some concrete examples. Let us consider the charged 
Klein- Gordon equation on Minkowski space: 

(St - iv(x)) 2 (j)(t, x) - A x <j){t, x) + m 2 <j){t, x) = 0, in R 1+d . 

It is an example of (|8.ip for H = L 2 (M. d , dx), k = v(x) a real electric potential, and 
h = —A x + m 2 — v 2 (x), m > is the mass of the Klein-Gordon field. Concerning 
the electric potential we assume 

(8.48) ve' 1 is compact on L 2 (R d ), 

Let us consider the charge Klein-Gordon operator K = Kiu. 
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We have ho = —A x + m 2 , £ = (— + to 2 ) a hence (E) is satisfied and e 1 % equals 
the Sobolev space H 1 ^). 

As conjugate operator we take 

a = \{f(\p\)p -x + x- Pf(\p\)), with / G C °°(0, oo), P = r^ x . 

Clearly (M) is satisfied. Moreover [e, io] = f(\p\)p £ • This implies that condition 
(EUgD in Prop. EjHis satisfied for all U C R\{0}. 

The operator e is clearly of class C°°(a). If we assume that 

(8.49) (x) a ve _1 is bounded on L 2 (R d ), 

then k is of class C" (a). Therefore for a > 1 condition (M2) is satisfied. Moreover 
we easily see that K is of class C a (A). Therefore if (|8.49|) holds for some a > 3/2 
we can apply Thm. 17.91 Note that one may add in the standard way a long-range 
component v\(x) to v(x), by imposing a decay condition on d x v(x) for |a| < 2. 

Note that the operator A, hence the weights (A)~ s are scalar operators. Again by 
standard arguments, one obtains finally the following resolvent estimate on K, for 
I a compact interval disjoint from eigenvalues of K.\j±: 

sup \\(x)- s (K - z)- 1 (x)- s \\ B{K ) <oo, Vs>i. 
ze/±i]o,i/] z 

Note that these estimates are also obtained in jGGHlj . by a different method. 
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